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ABSTRACT 

A comprehensive analysis is presented based exclusively on near-horizon data to 
determine the attractor equations and the entropy of BPS black holes and rings 
in five space-time dimensions, for a Lagrangian invariant under eight supersym- 
metries with higher-derivative couplings. For spinning black holes the results only 
partially agree with the results of previous work, where often additional input was 
used beyond the near-horizon behaviour. A number of discrepancies remains, for 
example, pertaining to small black holes and to large spinning black holes, which 
are related to the presence of the higher-derivative couplings. Arguments are pre- 
sented to explain some of them. For the black rings, the analysis is intricate due 
to the presence of Chern-Simons terms and due to the fact that the gauge fields 
are not globally defined. The contributions from the higher-derivative couplings 
take a systematic form in line with expectations based on a variety of arguments. 
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1 Introduction 



The attractor phenomenon for BPS black branes [1, 2, 3] is caused by full supersymmetry 
enhancement at the horizon, which induces stringent restrictions on the values of the fields and 
the space-time geometry. When supersymmetry is realized off shell, the resulting attractor 
equations can be analyzed in a way that is independent of the action. In this way universal 
results can be obtained even when the action contains higher-derivative couplings, as was 
first demonstrated for N = 2 supergravity in four dimensions [4]. 

In five space-time dimensions, supersymmetric attractors come in two varieties, associated 
with the near-horizon geometry of the rotating black hole [5, 6], and of the black ring [7]. 
In the context of the two-derivative effective action, these attractors have been studied in 
[6, 8, 9, 10, 11, 12], using mostly on-shell methods. It is possible to include higher-derivative 
couplings into the conventional two-derivative supergravity action, but those require the use 
of off-shell methods. Such a (four-derivative) supersymmetric action has been constructed 
in [13]. Both the two- and the four-derivative couplings involve a Chern-Simons term, which 
is a characteristic feature of five-dimensional supergravity. In the two-derivative case the 
Chern-Simons term is cubic in the gauge fields, whereas the higher-derivative mixed Chern- 
Simons term involves also the spin connection field. As a result the Lagrangian is only gauge 
invariant up to a total derivative, a feature that causes certain technical complications. 

A study of BPS black holes and black rings that includes these higher-derivative inter- 
actions was initiated some time ago in [14, 15, 16, 17]. In these works, a number of black 
hole solutions was constructed, and the corresponding attractors were studied by taking the 
near-horizon limit. In addition, the entropy function formalism [18] was used to determine 
the macroscopic entropy of these black holes, after reducing to four dimensions to restore 
gauge invariance of the action. A corresponding analysis for black rings was hampered by 
the difficulty in obtaining full asymptotically flat solutions. 

In this work, we present a comprehensive treatment of five-dimensional N = 2 attrac- 
tors in the presence of the same four-derivative couplings, using the tools provided by the 
off-shell calculus. This analysis of the near-horizon behaviour thus relies only on the full su- 
persymmetry enhancement and does not take into account the more global aspects of possible 
solutions. In particular, no assumptions are made concerning the existence of interpolating 
solutions towards asymptotic infinity, and no use is made of any information from outside the 
near-horizon region. This is in line with the idea that the entropy of black branes should be 
determined fully by the horizon properties, in the spirit of the Bekenstein-Hawking area law. 1 
As in the four-dimensional analysis, we find that the allowed space-time geometry is the same 
as for the two-derivative theory, which in the case at hand is described by the AdS2 x S 2 x S 1 
geometry of [20]. Because this geometry interpolates between the black hole and the black 
ring attractors, we can treat both types of five-dimensional attractors in a unified way for a 
large part of the analysis. 

The higher-derivative corrections in the action enter into the expressions for both the 

1 See, however, [19], for a possibly different perspective. 
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entropy and the attractor equations pertaining to electric charges and angular momenta. 
For the Wald entropy [21, 22, 23] we obtain a universal formula expressed in terms of the 
horizon fields, which applies to both black holes and rings. This is an intriguing result, 
because the derivation in these two cases proceeds rather differently due to a number of 
subtleties associated with the mixed gauge-gravitational Chern-Simons term. Our treatment 
of this mixed Chern-Simons term is inspired by, but not completely identical to, the approach 
followed in [24] . The existence of a universal entropy formula is in line with previous results 
based on the entropy function upon reduction to four dimensions, and we confirm this by 
confronting the results with the four-dimensional near-horizon analysis. 

The charges and the angular momenta can also be defined at the horizon. In view of 
the first law of black hole mechanics, this requires the use of the same Noether potential 
that enters into the determination of the Wald entropy. The evaluation of the full Noether 
potential is rather involved, and, as alluded to above, the relevant potentials do not take the 
same form for black rings and for black holes. The electric charges defined at the horizon are 
conserved by construction (although they are not invariant under large gauge transformations 
in the case of black rings) . Subtleties arise with the proper definition of the gauge fields in the 
presence of the Chern-Simons terms, and those have important implications on the attractor 
equations for black hole and black ring charges. 

There exists an extended literature on how to define the electric charges (for a general 
discussion, see for instance [25]). In the case at hand, it is worth mentioning that the results of 
this paper differ from those of [15, 16, 17]. Many of these differences reside in the definition of 
the electric charges that was adopted in these references, which was based on the asymptotic 
fall-off of the electric fields at spatial infinity. As a result the charges for asymptotically 
Taub-NUT solutions are different from the charges for asymptotically flat solutions, and 
furthermore these charges depend on the distance from the horizon. In contrast, the charges 
employed in this paper are insensitive to the asymptotic structure of the space-time and do 
not depend on the distance from the horizon. 

As mentioned above, the BPS near-horizon geometries come in two varieties. In the case 
of a spacelike horizon cross section with spherical topology, we recover the AdS2 X S" 3 near- 
horizon geometry of the rotating black hole [5, 6]. In the other case we find the AdS^ x S 2 
near- horizon geometry of the supersymmetric black ring [7]. The latter constitutes a special 
limit of the generic BPS near-horizon geometry for which the spacelike cross section of the 
horizon has the topology of S 2 x S 1 , as is appropriate for a ring. Unlike the black hole, 
the black ring carries two independent angular momenta associated with rotations in two 
orthogonal planes. There are some other new features related to the non-contractible S 1 . 
The first one concerns the fact that this background allows for non-trivial magnetic charges 
on the circle, because magnetic charges are not pointlike in five dimensions, but are stringlike 
objects. Hence the ring carries magnetic dipole charges. The second one concerns the non- 
trivial moduli associated with Wilson lines along the circle. We present a careful treatment of 
the gauge fields in this topology, which enables us to recover the correct electric charges and 
their associated attractor equations, following the strategy of [12]. Using this same strategy 



3 



we also establish the modified electric charges that are additive. 

Our results for the entropy agree with the results of microscopic counting for large black 
holes [5, 26, 27] and for black rings [28, 29]. So far this agreement holds for static black 
holes, because at present there exists no analytic expression for the microscopic entropy 
of rotating black holes. 2 In contrast, we disagree with the microscopic counting [27] for 
small black holes, whose macrocsopic entropy depends sensitively on the higher-derivative 
couplings. This puzzle may be characteristic for small black holes; also in four dimensions, 
the supergravity description of small black holes was often problematic, although there the 
problems did not pertain to the leading contribution. For black rings the effect of the higher- 
derivative couplings was not included in [28, 29], but we will exactly reproduce the result 
known from the (4, 0) conformal field theory, which leads to an expression proportional to 
y/cL % (c.f. [32]). Here, cl is the central charge, which can be expressed in the dipole charges 
and which includes the effect of the higher-derivative correction. Its form is in agreement 
with arguments based on the AdSs near- horizon geometry [14, 33, 34]. Furthermore, % is an 
appropriately defined quantity expressed in the angular momenta and the charges. As noted 
in [35], this quantity is naturally written in terms of the aforementioned modified electric 
charges that are additive. 

On the other hand, our results for rotating black holes only partially agree with the 
macroscopic results of [15, 16, 17], as was already alluded to above in connection with the 
definition used for the electric charges. Our results also disagree with the prediction of [36] for 
the first-order contribution from the angular momentum to the black hole entropy, based on 
the addition of the Euler density to the supergravity action. In this work, also a correction to 
the black ring entropy was determined based on the Euler density. In hindsight, it is difficult 
to see how the Euler density could possibly capture, at the same time, all contributions to 
the entropy, the angular momenta and the electric charges for both black holes and black 
rings, as it does not include the contributions from the mixed Chern-Simons term, which, 
especially for black rings, is responsible for subtle effects. 

Another issue concerns the connection between corresponding black hole solutions and 
their associated entropy in four and in five dimensions. This connection is motivated by the 
fact that the four-dimensional theory can be obtained by dimensional reduction on a circle 
from the five-dimensional one [37, 38, 12], although there may be subtleties. One such sub- 
tlety, related to the supersymmetry preserved by five-dimensional attractors upon reducing to 
four dimensions, was already discussed in [39]. Following this reasoning, our five-dimensional 
attractor equations should be related to the four-dimensional attractors with a specific R 2 - 
coupling. Indeed, we find agreement with four dimensions in the case of the black ring, 
except that the quantity % in four dimensions will only depend on the unmodified electric 
charges. We explain the reason for this fact, which is of topological origin and not related to 
the presence of higher-derivative couplings. For the case of the rotating black hole, we find 
a clear discrepancy in the contributions from the higher-derivative couplings to the electric 

2 In theories with 16 supersymmetries explicit expressions are available [30, 31]. It is an interesting question 
as to whether there exist asymptotic limits thereof which will agree with the results of this paper. 
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charges. A similar, though somewhat different, deviation from the four-dimensional situation 
was observed in [15, 16, 17]. One way to understand the discrepancy in the electric charges 
follows from the observation that the reduction to four dimensions of the higher-derivative 
term will involve an extra vector multiplet associated with the Kaluza-Klein photon, which 
will also be subject to higher-derivative interactions. So far, such interactions have never been 
considered directly in four dimensions, and in fact the precise form of these four-dimensional 
couplings is not fully known although there are indications that they should not affect the 
formula for the Wald entropy for BPS black holes. But most likely they will have an effect 
on the electric charges, and this may resolve the present discrepancy between the electric 
charges in four and five dimensions. 

This paper is organized as follows. Section 2 contains a concise but comprehensive review 
of the superconformal transformation rules for the supermultiplets of interest. In section 3 
the product rules and supersymmetric density formulae are presented, using the notation of 
this paper. Section 4 is devoted to the derivation of the attractor equations and their conse- 
quences. The attractor equations are derived in subsection 4.1, and the resulting geometry 
is discussed in subsection 4.2. Subsequently the horizon values of the gauge fields and the 
linear supermultiplets are discussed in subsections 4.3 and 4.4, respectively. The invariant 
action is given in section 5 from which the attractor equations for the electric charges can 
be determined. In section 6 we discuss the entropy and angular momentum for black holes 
and rings. As it turns out the mixed Chern-Simons term requires a different approach for 
black holes and black rings. Therefore, after a review of the more generic situation for black 
holes, a subsection 6.1 is devoted to the alternative treatment of the mixed Chern-Simons 
term that is required for the black rings. The final results of this paper for spinning black 
holes and black rings, together with a discussion and a comparison to results in the litera- 
ture, are presented in section 7 and section 8, respectively. Readers who are not primarily 
interested in the technical details, may proceed directly to these two sections. There are two 
appendices: appendix A introduces the spinor and space-time notation used in the first part 
of this paper, and appendix B contains a brief review of extended conformal supergravities 
in five space-time dimensions. 

2 Superconformal multiplets 

A convenient method for dealing with off-shell formulations of supergravity theories is pro- 
vided by the superconformal multiplet calculus. This calculus was originally set up for N = 2 
supergravity in d = A dimensions [40, 41, 42, 43], following early work for iV = l,<i = 4 super- 
gravity [44, 45]. The N = l case was worked out more fully in [46], and shortly thereafter the 
formalism was also applied to N = l,d = 6 supergravity in [47]. For d = 5 dimensions super- 
conformal methods were developed relatively recently by several groups [48, 49, 50, 13], and 
these results were exploited in the work of [14, 15, 17]. However, these groups use different 
field and symmetry definitions, which have features that are qualitatively different from the 
conventions used in d = 4 dimensions. Obviously this poses no problem of principle, but in 
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order to make the connection with the four-dimensional theory as direct as possible, we have 
chosen to adopt slightly different conventions. 

In this section we give a self-contained summary of the transformation rules of super- 
conformal multiplets in five space-time dimensions, namely the Weyl multiplet, the vector 
multiplet, the linear multiplet and the hypermultiplet for supergravity in five space-time di- 
mensions with eight supercharges. With the exception of the hypermultiplet, these multiplets 
define off-shell representations of the algebra of superconformal transformations. We refer 
to appendix A for spinor and space-time conventions. Some additional material about the 
Weyl multiplets in four and five dimensions with eight and sixteen supercharges is presented 
in appendix B. The fields of conformal supergravity are dual to the components of the super- 
multiplet of currents, and are subject to a number of gauge transformations directly related 
to the conservation laws of these currents. The bosonic gauge transformations are those of 
the conformal group, diffeomorphisms, local Lorentz transformations with generators M ab) 
scale transformations with generator D and special conformal transformations (also called 
conformal boosts) with generators K a . Furthermore there are local R-symmetry transfor- 
mations. In five space-time dimensions, the R-symmetry group equals USp(2iV) so that for 
simple supergravity we have USp(2) = SU(2). The fermionic gauge transformations are the 
conventional Q- and the special conformal S-supersymmetry transformations. 

2.1 The Weyl multiplet 

The Weyl multiplet of five-dimensional simple conformal supergravity is shown in table 3. 
The independent fields consist of the fimfbein e^ a , the gravitino field the dilatational 
gauge field bu, the R-symmetry gauge fields (which is an anti-hermitean, traceless matrix 
in the SU(2) indices i,j) and a tensor field T a b, a scalar field D and a spinor field x % ■ The 
three gauge fields io^ ab , and <p^, associated with local Lorentz transformations, conformal 
boosts and S-supersymmetry, respectively, are not independent and will be discussed later. 
The infinitesimal Q, S and K transformations of the independent fields, parametrized by 
spinors e* and rf and a vector Ak", respectively, are as follows, 





= ^ 7 °V, 




= 2V + \iT ab (3 7 a \ - 7M 7 af V " hrf , 




= 3ie i( V - 8ea^x j ~ 3^ V + S * j h l^h<t>^ + &k1nX k + 




= iiei^ - 2e i7/i x i + ^w^J + 2A^% a , 


8T ab 






= le'D + ^R^/iV)^^ + I | g i(3 7 a6 f + ^7 o6 )r a6 e i 
- l 2 T ab T cdl abcd e l + 


5D 


= eipx* - '^Tabi ab x l - mx l ■ 



Under local scale transformations the various fields and transformation parameters transform 
as indicated in table 1 . The derivatives T>^ are covariant with respect to all the bosonic gauge 
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Weyl multiplet 


parameters 


field 






e % rf 


w 


-1-^0 1 | 2 


1 | 


1 l 

2 2 



Table 1: Weyl weights w of the Weyl multiplet component fields and the supersymmetry transfor- 
mation parameters. 

symmetries with the exception of the conformal boosts. In particular we note 

*V = (fy " K d led + \ b^i + \ V e*' , (2.2) 

where the gauge fields transform under their respective gauge transformations according to 
5uj p ab = V^\ ab , Sb p = V p A D and 5V^ = V p A^, with (A/)* = A^ = -A/. The derivatives 
Dfj, are covariant with respect to all the superconformal symmetries. 

In order to discuss the dependent gauge fields, we first introduce the following curvature 
tensors, 

R pu a (P) = 2V [ ^e v] a -\^ ll a ^]\ 
R, u ab (M) = 2^ ] a6 -2^ [ / c ^-8e [M [ a /, ] ni% l 7 a V,f 

-\i>UM RaU (Q) + ^i [a Ru] h]l {Q)) + 8e b l a $ v]il ®x i , 

R^(D) = 2 d^b v] - 4 f [p a e u]a - tyfrifof + 4^ i7l/] x i • 

= 2P [ ^f-2i 7[ ^,] l + ^ T ^( 3 7 a V-7[M7 a6 )^] 1 . (2.3) 

The conventional constraints (which are not invariant under Q- and S-supersymmetry) are 
as follows, 

R^ a (P) = 0, 

e a »Rf v {M) = 0. (2.4) 

These conditions determine the gauge fields uj p ab , f^ a and <\> p . The conventional constraints 
lead to additional constraints on the curvatures when combined with the Bianchi identities. 
In this way one derives i?r a ;, c u(M) = = R a b(D) and the pair-exchange property R a bcd = 
Rcdab from the first and the third constraint. The second constraint, which implies also 
that J\uvRpa] l {Q) = 0) determines the curvature R f j -1/ l (S), which we refrained from defining 
previously. It turns out to be proportional to R tlv t (Q) and derivatives thereof, 

R pu \S) = -ipR^iQ) - \ 1[tx DPR v]p \Q) - A^T^RpJiQ) 

+18 ^ 1[p R u]p \Q) - 5 T^ lpa R^{Q) - 12 TP [p R u]p \Q) . (2.5) 
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The remaining curvature Ruu a (K) does not play a role in what follows. 

Whereas the first constraint is invariant under S- but not under Q-supersymmetry, the 
other two constraints are invariant under neither supersymmetry. This implies that the 
dependent gauge fields will acquire terms in their transformation rules proportional to the 
constrained curvature tensors, 



8u* = V^\ ab + 4A A >e/l - |iei W + 5^7° V 
+ |iT cd e i (6 7 [°7cd7 6] " l ab lcd ~ lcdl ab W 

+ \e^,R ab \Q) + 2 7 [a V ]i (Q)) + W a ta b] x l , 

5<j>j = Vrf + \i T ab (^ ab - 7 ab 7 M )7 ? 4 + i// 7a e* - iA A a 7a V 

-^i(2 7 % - w ab )R ab /(Vy + \(p T ab labl , + D a T ah w b y 
+i( - lT ab T c % abcd + T^ a T bcl abc -AT^ a T ab lb - f^T 2 ^ 

\' + liejTaVVx* " |i^7°V(7a6X' + ^(Q)) 

+ ii6 fe7 ffl V(7a b X fc + i^(Q)), 

5// = P M A^ a + ir ?i7 > / , i + • • • , (2.6) 



where here and henceforth T 2 = (T ab ) 2 . With these results we obtain the following Q- and 
S- variations that will be needed in due course, 



SRJiQ) = - U^ab - WV 1 ) RcJivy - iRab^M)^ 

+ \\{?,D [a T cd lcdlb] - D [a T cd lb]lcd - 1[a pT cd lcdlb] - D c T cd labld y 
- 2(T ab T ccn cd + T ac T bdl cd + 2T c[a T cd lb]d + \T 2 lab )i 

+ {l Cd lab-^S a V^T cd , 

SRaM j (V) = 3i €iRj{Sf) + 16 ea [a D b] X j ~ 4i e t (3 7[a7 cd 7b] - 7 cd 7afe ) X ] T cd 



The above transformations coincide with those of [48, 50], upon including a T-dependent 
S-supersymmetry transformation into the Q-supersymmetry variations and rescaling the ten- 
sor field by a factor 4/3. The difference with the conventions of [49, 13] are a bit more 
involved. The commutator of two Q-supersymmetry transformations closes into the super- 
conformal transformations as follows, 



where denotes the effect of a supercovariant general coordinate transformation. The 

parameters appearing on the right-hand side associated with the general coordinate transfor- 
mation and the Lorentz transformation are given by 



3iruRab 3 (Q) ~ 16ir?i 7af) x J - trace . 



(2.7) 



[S Q {ei), 5 Q (e 2 )} = + 8 M {\) + 5 s (rj) + 5 K (A K ) , 



(2.8) 



ab 



\\T cd e 2i (6 7 [ a 7cd7 fe l - 7 ab 7cd - 7cd7°V , 



(2.9) 



8 



whereas the parameters associated with S-supersymmetry and conformal boosts are not given 
as they are not needed below. The commutator of two S-supersymmetry transformations and 
the commutator of a Q- and an S-supersymmetry transformation close as follows, 

[5 S ( V ),S Q (e)] = 5 D {A D ) + S M {X) + S R (A) + 5 K (A K ), (2.10) 

where 

A K a = lmn a m\ 

A D = , 
X ab = -|ie i7 a V, 

V = 3i(eV-3V'eW), 
A K a = -±U^ a J bc -^ bc J a WT bc . (2.11) 

Furthermore, we note the following commutation relation, 

[5 K (A K ),5 Q (e)]=8 s (iA i K e i ). (2.12) 

2.2 The vector supermultiplet 

The vector supermultiplet consists of a real scalar a, a gauge field Wu, a triplet of (auxil- 
iary) fields Y lJ , and a fermion field O l . Under superconformal transformations these fields 
transform as follows, 

5a = ^ie^ST , 

6W = -\ (F ab - 4 <xT ab ) 7 a V - - e jk Y^e k + ar ] i , 

SYV = ie*« e h pW) + \e k{i e k (-\T ab7 ab ^ + Aa X j) ) - fj k ^ . (2.13) 

where (Y^)* = Yy = Eik£jiY kl , and the supercovariant field strength is defined as, 

F„ v = dpWv ~ d v W» - Qa^f + |ia ^tfj . (2.14) 

The commutator of two Q-supersymmetry transformations closes as in (2.8) modulo an extra 
gauge transformation, 5W^ = d^{\\ae2i^i)- We also note the transformation rule, 

8 {Kb - 4 aT ab ) = - ea [a D b] W - § a ea a bX % 

+ |ie<(3 7[«7°S] " l cd lab ~ 8 SISfrW T cd + i^ab^ . (2.15) 

The fields behave under local scale transformations according to the weights shown in table 2. 
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vector multiplet 


field 


o Wfj, SU Yij 


w 


1 § 2 




linear multiplet 


field 


L« E a <fi N 


w 


3 4 | 4 




hypermultiplet 


field 




w 


5 2 

2 Z 



Table 2: Weyl weights iu of the vector multiplet, the tensor (linear) multiplet, and the hypermultiplet 
component fields. 



2.3 The linear supermultiplet 

The linear multiplet consists of a triplet of scalars L 13 , a divergence- free vector E a , an (aux- 
iliary) scalar N, and a fermion field <p l . The superconformal transformation rules for these 
fields are as follows, 

SI}' = -ie k( te k <pfl, 

V = -±ie jk pI? j f* + ±(N-i$)j + 3£ jk IS*Tf, 

5E a = - \xeaabE)\ i + \m lal bc + 7 bc 7a)^r 6c - 2^ 7o ^ , 

5iV = le^ + fie^V^-^e^ea^' + li^- (2-16) 

The constraint on E a , 

D a E a = 0, (2.17) 

can be solved in terms of a three-rank anti-symmetric tensor gauge field E^p, which trans- 
forms as follows under the superconformal transformations, 

5Ep Up = \eap Up ip l - liea^pf e jk L %:) . (2.18) 

These transformations close according to the commutation relations (2.8), (2.10) and (2.12), 
up to a tensor gauge transformation, 5Ep Up = d^(— |i ^Cfup] 6 ^ £ jkE t] )- The supercovariant 
field strength associated with Ep, vp equals 



E" = lie- 1 e ia,paX 



d v E paX - l^apax^ + \i^ua P a^\ k s jk L ij . (2.19) 



The behaviour under local scale transformations follow from the weights shown in table 2. 
The tensor field E pup is inert under scale transformations and thus carries zero weight. 



2.4 Hypermultiplets 

Hypermultiplets are necessarily associated with target spaces of dimension 4r that are hy- 
perkahler cones [51, 52]. The supersymmetry transformations are most conveniently written 
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in terms of the sections Ai a ((f)), where a = 1,2, ... , 2r, 

5 A? = ieiC, 
5C = -\\pAi a i + §iW . (2.20) 

The Aj Q are the local sections of an Sp(r) x Sp(l) bundle. The existence of such an as- 
sociated bundle is known from general arguments [53]. We also note the existence of a 
covariantly constant skew-symmetric tensor Q a g (and its complex conjugate Q a P satisfy- 
ing fio^f^ 7 = — 5qP), and the symplectic Majorana condition for the spinors reads as 
C _1 Ca T = £L a /3 C ■ Covariant derivatives contain the Sp(r) connection Ta°i3, associated 
with rotations of the fermions. The sections Ai a are pseudo-real, i.e. they are subject to 
the constraint, Ai a e % ^Q. a p = A? q = (Aj 13 )*. The information on the target-space metric is 
contained in the so-called hyperkahler potential, 

e ljX = n a pAi a A/ . (2.21) 

For the local scale transformations we refer again to the weights shown in table 2. The 
hypermultiplet does not exist as an off-shell supermultiplet. Closure of the superconformal 
transformations is only realized upon using fermionic field equations, but this fact does not 
represent a serious problem in what follows. 



3 Tensor calculus 

In the previous section we introduced various superconformal multiplets. With the exception 
of the hypermultiplets, these multiplets are truly off-shell, so that the superconformal sym- 
metries close without the need for imposing field equations. The tensor calculus for these 
multiplets consists of various multiplication rules and decompositions, as well as invariant 
density formulas. With these results one can construct a rather general class of invariant 
actions. 

In five space-time dimensions the linear multiplets play an important role. At the lin- 
earized level in flat space, linear and vector supermultiplets are related. For instance, starting 
with the field Y %] belonging to a vector supermultiplet, one can generate a linear multiplet 
upon the following identification, 

j}3 2Y lj , 

EfM — > d l ' F vll , 

N Da, (3.1) 

as the reader can easily verify by explicit calculation. At this point one can generate a new 
vector multiplet, by starting with the field N and identifying it with a new field a, etcetera, at 
the price of including higher and higher powers of derivatives. It is easy to see that the linear 
multiplet precisely corresponds to the field equations of the vector multiplet. Conversely, the 
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vector multiplet will arise as the field equations of the linearized tensor multiplet action in 
flat space. This relationship is clearly embodied in the density formula that we will define 
at the end of this section (c.f. (3.10)) and this feature has been exploited extensively in four 
space-time dimensions, both for N = 1 and in N = 2 supersymmetry, but in five dimensions 
the restrictions are much stronger. 

In the superconformal setting the relationship between vector and linear supermultiplets 
must, however, be modified in view of the additional restrictions posed by superconformal 
symmetries. For instance, the fields L 13 and Y 13 behave differently under scale transfor- 
mations, and, moreover, U 3 is invariant under S-supersymmetry, whereas Y tJ is not. Nev- 
ertheless the relationship can still be established provided one gives up linearity. In the 
absence of the superconformal background fields in flat space-time, the first component of 
the correspondence (3.1) is then replaced by (for a single multiplet), 

1*3 — y 2 <t Y ij + \i e k(i n k nrt , (3.2) 

To establish the existence of this composite linear multiplet one verifies that the lowest 
component has the correct Weyl weight and is S-supersymmetric, and furthermore, that its 
supersymmetry variation is expressed in terms of a simple doublet spinor which can then act 
as the representative of the linear multiplet spinor <p % . If these criteria are not met, then 
one will not be dealing with a linear multiplet consisting of 8 + 8 degrees of freedom, but 
with a much larger multiplet. When dealing with several vector multiplets, labeled by indices 
I,J,-- = 1,2, ... ,n, the expression (3.2) generalizes only slightly. It remains quadratic on 
the vector multiplets and depends on it in a symmetric fashion. Hence we start with 

L ij(U) = 2 a (i yij J) + lj £ k(i Q k (i n j)J) f (3.3) 

For clarity of the notation, we will henceforth suppress the explicit indices (I, J) on the 
right-hand side. In the presence of several vector multiplets, a 2 generalizes to a^a J \ to 
, etcetera. 

The other components of the corresponding linear multiplet follow by applying successive 
supersymmetry variations and one finds the following expressions, all manifestly quadratic 
in the vector multiplet components, 

<p*( IJ ) = iafln i + ^flan i -8a 2 x l + Y i ie jk n k -\(F ab -6aT ab ) 1 ab n i , 

E a(U) = l i£ *bcdep bc p de + ^ pba _ g ^2 ^ + . . . ^ 
N (IJ) = l D a Da(J 2_ l (jDa(T )2 + | yi j|2 

- \F ab F ab + 6 a F ab T ab -a 2 (4D + f T 2 ) + • • • , (3.4) 

where supercovariant terms of higher-order in the fermion fields have been suppressed. It is 
also possible to derive the expression for the three-rank tensor gauge field associated with 
this multiplet, by requiring (2.18), 

4t? = ¥ e £ ^ paX - 6 a 2 T ctA ) + \W {il F vp] + \£l aixvp W 

- ficr &a^u*Pp] 1 - \e 2 ^iluipp] 1 ■ (3.5) 
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The above construction can be generalized to non-abelian vector multiplets as well. In prin- 
ciple, a linear multiplet can also be constructed from hypermultiplets, but the resulting linear 
multiplet will not be fully realized off-shell. 

The same strategy can also be used for constructing a linear multiplet from the square of 
the Weyl multiplet. In view of the fact that the transformations for the Weyl multiplet fields 
are not linear, this construction is considerably more complicated than the one above. The 
starting point, as before, is to define a composite field L W * J in terms of the Weyl multiplet 
fields, which satisfies all the requirements for the lowest-dimensional component of a super- 
conformal linear multiplet. This linear multiplet has originally been determined in [13] (with 
different conventions). In the conventions of this paper we found the following result, 

= ~e k(l [l 2 m abk {Q)W )ab {Q) + fiXkX j) ~ \T ab R abk 3) (V)] . (3.6) 

which, indeed, is S-invariant and transforms under Q-supersymmetry into a spinor doublet. 
Furthermore it scales with Weyl weight 3, as is appropriate for a linear multiplet. By applying 
successive supersymmetry transformations, we identify the other components of this linear 
multiplet, 

^ W = k R ab cd {M) lcd R ab \Q) + ±R ab] \V)R ab i{Q) - lT ah R ai \S) 

- ±/U/(V07 a V - liD a T bcl c R abl {Q) + ^T ab T cdl cd R ab \Q) 
+ 4i T ah la D bX l - li{ 7 ab pT ab + 3 p~f ab T ab ) x l + | (2 D + 3 T 2 ) X l , 

R b J 9 (M) R defg (M) + \Rbcj\V) Rdei j (V) 
+ l\s abcde D b [T cf DfT de + \T cS D d Tj\ 



jpaW 1 ; ^ahcde 

h ~ _ 128 ie 



lR(M) cd ab T cd + 2T ab D + f T afc T 2 - 9 T ac T cd T db 

N w = ^R ab cd {M) R cd ab {M) + ^R ab /(V) R ab S{V) + f T ab T cd R ab cd (M) 
+ 3 T ab D c D a T bc - | (D a T bc f + \D c T ab D a T cb 
- lie abcde T ab T cd D f T fe + §D 2 + 8T 2 D - f (T 2 ) 2 + f {T ac T bc f 
+ •••, (3-7) 

where the dots refer to fermionic terms, which we will not need for what follows. 3 

In order to represent a linear multiplet, the vector E aW should satisfy the constraint 
D a E aW = 0, as a consequence of which this vector can be expressed in terms of a three-rank 
tensor field Ej^ vp . In principle, we can determine the full expression of this composite tensor 
by verifying its supersymmetry transformation (2.18). This is how we originally obtained 

3 Note that (3.4) and (3.7) contain second-order superconformally covariant derivatives. For convenience 
we exhibit the bosonic structure of three such expressions, 

Dfj,D a a = V^VaO + 2/ Ma a , 
D^D a Ai = T)^T) a Ai + 3 f^ a Ai , 

D^DaTcd = V tl V a T cd -4f ti[c T d]a +4f/i la[c T d]e + 2U a T cd . (3.8) 



+ ••• , 
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(3.5). For the Weyl multiplet, however, this calculation is considerably more involved, so 
that we restrict ourselves to the expression for the purely bosonic terms. The result reads as 
follows, 

+ iee pvpuX [^R{M) KT aX T KT + T aX D + - ^T aK T KT T rX ^j 

+ •••, (3.9) 

where the dots represent the fermionic contributions. It is not difficult to verify that this 
expression is invariant under scale transformations and conformal boosts, up to tensor gauge 
transformations and up to terms proportional to fermions (we recall that the spin connection 
depends both on b p and Vv/)> an d that the tensor field strength corresponding to it reproduces 
the bosonic terms in i? aW shown in (3.7). 

Finally, we note the existence of a superconformally invariant density for a product of a 
vector with a tensor supermultiplet. The corresponding expression takes the following form, 

e- 1 ^ = (Yij - |O i7 'V/ s kj )L ij +a(N- fa-f^j) + i *W 

+ lie-i^^ Wn d v E paX + \ia LV ^ a ^ u k e kj . (3.10) 

By using the composite linear multiplets defined previously, this density formula thus enables 
the construction of superconformally invariant actions. This represents a standard way of 
constructing actions that is also well-known in the context of four space-time dimensions. We 
will make use of this result in section 5. 

4 BPS attractor equations 

In this section we derive the conditions for full supersymmetry of the field configuration. Here 
we follow the systematic approach outlined for four space-time dimensions in [54]. In this 
section the analysis is done entirely at the off-shell level and we obtain the full space-time 
geometry. Our analysis differs from the one of [17], where on-shell information was already 
introduced at an earlier stage of the calculation. Only in the next section 5 we will make use 
of the supersymmetric action. Although our analysis is different in spirit and covers a much 
larger class of supergravity theories, the results turn out to overlap substantially with those 
of [8]. 

4.1 Supersymmetry 

To analyze supersymmetry one chooses a purely bosonic field configuration and requires that 
the supersymmetry variation of all fermion fields vanish up to a uniform S-supersymmetry 
transformation. In this context it is convenient to define two 'compensating' spinor fields, £v 
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and Cjj, belonging to the vector multiplet sector and the hypermultiplet sector, respectively, 
which transform linearly under S-supersymmetry, 



Cv 



(4.1) 



Here we have introduced a symmetric three-rank tensor Cijk and a corresponding function 
C[a) = Cijkv 1 <? J <? K ■ The tensor Cijk must be non- vanishing, but other than that there 
are no immediate restrictions. 

It is straightforward to write down the supersymmetry variations of these two spinor fields 
(which both carry scaling weights equal to §), 

Kv = {Tab ~ ±F ab I d I lnC(a)) 1 ab e i - ^lnC(a) e i - \e jk Y^di lnC(a) e k + rf , 



5(h 



(4.2) 



-^ln X 6 l + i% i e^+77 i , 

where here and henceforth we suppress terms proportional to the fermion fields. Furthermore 
we made use of the identity [51], 

X -1 ^ A^V^A/ = l £ij V fl ln X + k^Skj , (4.3) 

where feu? 1 is proportional to the SU(2) Killing vectors of the underlying hyperkahler cone. 



We now require that the S-supersymmetric linear combinations, £v — Ch> ~~ I^-^Chj 



n 



il 



'■> ~/7, /-'^v- and x l 



This leads to the following conditions 



fg7a&7 a6 Cv> d° n °t transform under Q-supersymmetry. 



z>„(x- 1/a 4 a ) 

V^C- l {a)U0) 

ci^x- 1 

Fab 1 

V [a (C l / s (a)T bc] ) 
V b {C 2 /\a)T ba ) 



k 



yijl 

N 
E a 
D 



(4.4) 



0, 
0, 
0, 

constant , 
4a'r a6 , 

0, 

i£ abcde TbcTde C2/3( (7 ) j 

which were also given in [17] in the conventions of [49, 13]. However, there are further 
constraints in view of the fact that all fermionic quantities must vanish under supersymme- 
try. Experience from the corresponding analysis in four space-time dimensions [54] indicates 
that one must also consider the variations of R a b{Q) — {Tc^cdlab — 4T ab )Cy, and of -D^Ch- 
Combining the result of the first variation with the previous results, one finds, 



V r T, 



c 1 ab 



(M) 



2 lr lc[a £ b]defg 



rpderpfg 



2 V [a In C(o) T b]c - V c In C{a) T ab -2V d ln C{a) T d[a Vb]c 



T 2 5. 



cd 



ab 



+ AT ab T cd + AT [a c T b] d 



8T e[a T e % d ^ 



(4.5) 



In addition one considers the variation of the S-invariant combination, -D^Ch — g i^jP m XJ^ ~ 
2^*7^ — 6iT Ata 7 a ]^, subject to the conditions (4.4). This confirms the consistency of the 
previous results and, in addition, gives rise to one more condition, 



U a = -\V»V a In x + h V » ln xV a In X - 4 7>T afe + \ 



3 T bc T 



be 



UV b lnxf 



(4.6) 



15 



Using the arguments presented in [54], we conclude that the above equations (4.4), (4.5) and 
(4.6) comprise all the conditions for a supersymmetric field configuration consisting of the 
Weyl multiplet, vector multiplets, linear multiplets and hypermultiplets, without imposing 
equations of motion. Because the fermionic equations of motion must be satisfied, simply 
because of supersymmetry, most of the bosonic equations of motion must be satisfied as well. 
There are, however, exceptions, such as the equation of motion associated with the scalar field 
D belonging to the Weyl multiplet, which does not appear as the supersymmetry variation 
of a fermionic expression. 

Combining the second equation of (4.5) with (4.6), we derive the following equation, 

TZ ab cd {u,e) = 2e a »e b »(d [ ^ v] cd -oj [ ™u u]e ^ 

- 8{T ab T cd + Tj c T b ^) + S^X] (±T ef T e l - \(V e ln X ) 2 ) 

- 8 { J C (l6T b]e T d ^ + IV b] V$ In X - |^ 6 ] ^ x V d ^ ln X ) . (4.7) 

4.2 Space-time geometry 

Before discussing the resulting space-time geometry we have to impose a number of gauge 
choices. We set the dilatational gauge field b p = (in fact, K-invariance implies that the 
equations found above are already independent of bu) and furthermore we set the function 
C(cr) equal to a constant C. This implies that also x becomes a constant. The ratio of the 
two constants C and % win eventually be defined by the equation of motion for the field 
D, but at the moment we proceed without making reference to any particular Lagrangian. 
Note that the various fields will still be subject to constant scale transformations which are 
a remnant of the full space-time dependent dilatations. Physical results should, of course, be 
insensitive to these scale transformations. In addition we set the SU(2) gauge connections to 
zero, in view of the fact that their field strength is vanishing (c.f. (4.4)). In this situation the 
various scalar fields a 1 and L l i are all constant. 

The resulting geometry is now of a special type, as the tensor is an example of 
a conformal Killing- Yano tensor [55]. Locally, in five space-time dimensions, this tensor 
generically induces a family of pairs of two-surfaces which together with the fifth orthogonal 
dimension foliate the space-time. It also leads to a Killing vector associated with this fifth 
dimension and a symmetric Killing tensor, 

^ = ie" 1 e^ T T up T aT , = T w T v ? , (4.8) 

where e = det(e /J a ). Using the properties of the tensor T pv (in the gauge indicated above), 
we obtain the following results for the Riemann tensor and for the derivative of T^, 

TZ ab cd = -8{T ab T cd + Tj c T b d ^) - 16 5 { J C T b]e T^ + 4 5f a 5 d ] T ef T ef , 
VpT^ = y^ v] . (4.9) 



Furthermore we note the results, 

VpK^ = -\i{pT u ) p , T 2 = (T ab ) 2 = constant. 



(4.10) 
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From these equations it is clear that £^ is indeed a Killing vector. Furthermore one may 
easily verify that the Riemann tensor satisfies the Bianchi identity. 

If £^ vanishes then the tensors and K^ u are covariantly constant and so is the Riemann 
tensor so that we are dealing with a locally symmetric space. In this particular case the space 
is in fact the product of a two- and a three-dimensional maximally symmetric space, as the 
Riemann tensor decomposes into two Riemann tensors corresponding to these subspaces 
satisfying R^ cd (x cT 2 5^ c 5 b d , with proportionality c = —16 and c = 4 for the two- and the 
three-dimensional subspace, respectively. Here the indices a, b, c, d refer to the tangent-space 
projected onto the two- or three-dimensional subspaces. 

Rather than considering this case any further, we concentrate on the more general case 
where £ M ^ and return to the limit of vanishing at the end. Obviously the line element 
must reflect the isometry associated with the Killing vector Choosing a coordinate ip 
by ^dfj, = d/dip, we decompose the coordinates into if) and four-dimensional coordinates 
x m , where m = 1,2,3,4, without committing ourselves to a certain signature yet. 4 Corre- 
spondingly, the tangent-space indices a = 1,2, ... ,5 are decomposed into a = 5 and indices 
p,q,... = 1,2,3,4. Upon a suitable local Lorentz transformation, the fiinfbein is brought 
into the form, 

e M 5 dx^ = e 9 [dip + o m dx m ] , e/ dx^ = e~ 9/2 e m p dx m . (4.11) 

In view of the isometry corresponding to shifts of the coordinate ip we may assume that 
g, a m and the vierbein field e m p do not depend on ip. The corresponding inverse fiinfbein 
components are given by, 

e^ = e~ 9 , e 5 m = 0, e / = -a p ^ 2 , e p m = e^ 2 e p m , (4.12) 

where, on the right-hand side, four-dimensional tangent-space and world indices are converted 
by the vierbein e m p and its inverse (so that, e.g. a v = e p m a m , and the covariant derivative 
V p contains the spin connection Cj m pq , associated with the vierbein e m p ). This leads to the 
following expressions for the spin connection, u a b c = e a ^ oj^d, 

UJpqr = e 9/2 [u pqr + 5 p [ q X7 r ]g] , 

w 55p = -e ff/2 V p5 , (4.13) 

where Q pg equals, 

Qpq — <3p &q Qmn i Qmn — 9 m <J n d n <T m . (4.14) 

Let us now return to (4.9) and consider the second equation, which we write in tangent- 
space indices as, 

e/ d^T ab + 2 u c[a d T b]d = y c[a S b]5 £ , (4.15) 

4 At this point we are using Pauli-Kallen metric conventions, where the signature is determined by making 
one of the coordinates purely imaginary. This enables us to consider all possible signatures at once, so that 
this analysis encompasses the solutions for minimal supergravity found in [8]. Momentarily we will assume 
that the Killing vector £ M is spacelike. 



17 



where we made use of the fact that T^ a = and defined £ = ie pqrs T pq T rs , where e pqrs = e 5 Pi rs 
so that £V = e~ 9 £. Changing the overall sign of the epsilon tensor is irrelevant as it only 
corresponds to a sign change of the coordinate tp. 5 Imposing the equations contained in (4.15) 
leads to the following results, 

d^T ab = 0, Q pq = -2ie~ 29 e pqrs T rs , V p T qr = 0, g = constant . (4.16) 

These results are consistent with what is found when considering the Riemann tensor from 
the connections (4.13) upon comparison with the first equation (4. 9). 6 Here and henceforth 
we will be assuming that the four-dimensional subspace has signature (—,+,+, +), so that 
the Killing vector ^ is spacelike and £ is real. The various curvature components read, 

n pq5r = -\e b9 ' 2 [V r Q pq + V r g Q pq + V [p g Q q]r - 8 r[p Q q]s V s g] , 
K 5p5q = e 9 [V p V q g - \8 pq (V r g) 2 + 2 V p g V q g] - \e 49 Q pr Q q r , 
Ti pqrs = e 9 K pqrs (cd) -2e 9 5 [p[r [V s] V q] g + ^V s] gV q] g - \5 s]q] {V u g) 2 ] 

+ le 49 [Q pq Q rs -Q p[r Q s]q ] , (4.17) 

where the right-hand side is consistently written in four-dimensional notation. Obviously 
IZpqSr must vanish in order to be consistent with the first equation (4.9), and this is indeed 
what is implied by the earlier results (4.16). Likewise the expression for TZ^ q is consistent 
with the corresponding equation (4.9). Hence we are left to analyse the last equation of 
(4.17), which determines the four-dimensional Riemann tensor TZ(u) according to 

K pqr s{u) = -16e~ 9 A5 [p [ r T s]t T q f - 5 p[r 5 s]q T 2 . (4.18) 

The Ricci scalar, lZ a b ab {Gj) = 0. Further inspection shows that this Riemann tensor corre- 
sponds to a product of two two-dimensional spaces with equal radii, namely AdS2 and S 2 . 
The geometry thus takes the form of a circle (parametrized by the coordinate tjj) non-trivially 
fibered over an AdS% x S 2 base space. We now adopt four- dimensional coordinates by writing 
the respective metrics in the standard form of a Bertotti- Robinson and a two-sphere metric, 
with coordinates t, r, and 9, (p, respectively, so that the five-dimensional line element takes 
the following form (r is non-negative and 9 and <p have periodicity tt and 2tt, respectively), 

ds 2 = -^(-r 2 dt 2 + ^-+d9 2 + sm 2 9d<p 2 )+e 29 (diP + a) 2 , 



16 v 2 V r 2 
1 

4f 2 



a e (T 23 rdt- T i cos 9 dip) , (4.19) 



corresponding to, 



Qtr = Ae" 9 T 23 , Q eip = --^e- 9 T 01 sm9. (4.20) 
Av z Av 2 



J In Pauli-Kallen notation we now fix convention such that e l _ l „ prTT x )1 x v x p x' 7 x T 
6 We note that (4.16) has been derived from (4.15) assuming det[T] 7^ 0. For det[T] = one can arrive at 
the same result by also making use of (4.9) and (4.17). 
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Here and henceforth we use the definition, 

v = V(Toi) 2 + (T 23 )*, 



(4.21) 



where Tqi and T23 are the nonvanishing components of the tensor field T^, where the local 
Lorentz indices are (0, 1,2,3). Note that the vierbein fields can be chosen diagonally; their 
values can be read off from (4.19), 

1 / dr \ 
e m p dx m = — (rdt, — , d0, sinfld^ , (p = 0,1,2,3). (4.22) 
4 v V r ) 

In this Lorentz frame, the fields T a ^ are constant. For future use we also list the nonvanishing 

spin-connection fields, 

, . PQ — °j P«j_L p 3g Qpq 
, . p5 _ 1 2g Q P q 

uj* = \^QV\ (4.23) 

where u t 01 = — r and uj^ 23 = cos#. 

Observe that a 1 , T a b, v and e -9 transform with weight +1 under the (constant) scale 
transformations inherited from the five-dimensional dilatations. As a result, the metric (4.19) 
scales uniformly with weight —2 and the one-form a is inert under scale transformations. Note 
that a is determined up to a four-dimensional gauge transformation associated with shifts 
of the coordinate ip with a function depending on the four-dimensional coordinates. Such 
diffeomorphisms leave the form of the line element invariant. 

Let us now further discuss the line element (4.19). Assuming that Tqi ^ 0, we can rewrite 
the line element in the form, 

ds 2 = - — I dt -\ k ( cos 9 dip + -x dip ) ) 

lb v z \ v v p z V p" ) j 

+ ^ (dp 2 + £ (d6 2 + V + di, 2 + ^cose dip dip) ) , (4.24) 
where we used the definitions 

p = ^F, p o = ^Toi. (4.25) 
4 v A 

To make p° unambiguous we fix the periodicity interval for ip to Att. The second term of the 
line element then corresponds to a flat metric, up to an overall warp factor (2vp)~ 2 . To see 
this we combine the four Cartesian coordinates into two complex ones, which we parametrize 
as, 

z x = p cos6>/2 exp \i[ip/p° + <p] , z 2 = p sin#/2 exp \i[ip/p° - <p] . (4.26) 

Clearly for \p°\ = 1 we cover the whole four-dimensional space M 4 . For \p°\ ^ 1 we have a 
conical singularity at the origin. In all cases the three-dimensional horizon is located at r = 
and its cross-sectional area is equal to 

A 3 = I = TT 2 v~ 2 e 9 . (4.27) 
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Observe that this result is not invariant under the scale transformations introduced earlier, 
which simply reflects the fact that the line element is not invariant either. Furthermore the 
bi- normal tensor at the horizon is the same in all cases when given with tangent space indices. 
Its only non- vanishing components are, 

eoi = ±1 , (4.28) 

so that s^ u e^ v = —2. Both (4.27) and (4.28) can be derived by first determining the bi-normal 
tensor and the cross-sectional area in a coordinate frame that is non-singular at the horizon, 
and subsequently converting the results to the singular frame used in the text. 

The line element (4.24) describes the near-horizon geometry of the spinning charged black 
hole [5] (see also, [6]), and we observe that the rotation is associated with a globally defined 
one-form on S 5 , in view of Im \z\ dz\*+Z2 dz2*] = p 2 [(p°)~ 1 d , i/'+cos 6 dtp]. Clearly the angular 
momentum of the black hole is proportional to T23. When T23 = we are dealing with a 
static black hole and the near-horizon geometry is given by, 

1 / dr 2 \ 1 

ds* = — 2 (^-r 2 dt 2 + -5- J + — 2 ds\S*/Z p0 ) . (4.29) 

Finally we turn to the case Tq\ = where we find, 

1 dr 2 p9 1 

* = 167** + 6 ° d *' - 2W 3 r d * * + 167V iS(S) • 

where ds 2 (5 2 ) is the line element belonging to the unit two-sphere. The first three terms 
constitute a metric which is locally AdS^ so that the near-horizon geometry is that of AdS% x 
S 2 . This is the near- horizon geometry of a supersymmetric black ring, or, when we drop the 
identification ?/> = ip + 4 7r, of an infinitely long black string. 



4.3 Gauge fields 

According to (4.4), the field strengths F^J are determined in terms of the tensor field T a &, 

F ^ = 7~^ T ou FqJ = T 23 sin# . (4.31) 

At this point we can define magnetic charges associated with Qq^ and Fg^ 1 . Employing the 
same conventions for these field strengths (apart from a relative sign between p° and p 1 ), we 
define ^ 

P° = t4 T oi . P 1 = Tli r 23 , (4.32) 

with the same expression for p° as given in (4.25). In the five-dimensional context, the p l will 
play the role of dipole magnetic charges. They are proportional to T23, so they will vanish 
for a static black hole. The definition of the electric charges, which involves the equations 
of motion, will be discussed in later sections. From (4.31) we can determine the vector 
potentials, 

WJ(x) dx" = -^ (Toi rdt + T 23 cos 9 dip) + dA 1 (x) , (4.33) 
4 v z 



20 



up to an abelian gauge transformation, parametrized by A^(x). 

For the spinning black hole, where Tq\ 7^ 0, the gauge transformation can be chosen 
such that the gauge potentials are globally defined on S 3 . To see this one makes use of the 
observation preceding (4.29) in the previous subsection, which leads to, 

W/dx" = -^2 fT O irdi + T 23 (^ + cos0d^ . (4.34) 

In the case of the black ring, where T01 = 0, the gauge transformations in (4.33) introduce 
an uncontractible component corresponding to Wilson lines around the circle parametrized by 
ip. The proper definition of the Wilson line moduli is subtle due to the presence of the charges 
p 1 and the S 1 x S 2 topology, as we shall discuss below. In any case, due to the presence of large 
gauge transformations (i.e. gauge transformations that cannot be connected continuously to 
the identity), these moduli a 1 should be periodically identified and furthermore they should 
be defined such that they are not subject to small gauge transformations. At any rate the 
gauge fields are expected to contain the following terms, 

W/da^ = -p 1 cos 9 dip + a 1 dip . (4.35) 

However, unlike in the case of the spinning black holes, the gauge fields are not globally 
defined, as is obvious from the fact that the monopole fields are sourced by Dirac strings. 
This phenomenon implies that the gauge fields should be defined in patches, connected by 
suitable gauge transformations. In the context of five space-time dimensions the Dirac strings 
are degenerate and one is actually dealing with Dirac membranes. Just as in the case of 
Dirac strings, the Dirac membranes are subject to constraints, some of them related to 
charge quantization (to appreciate this, the reader may consult [56, 57], where some of this 
is explained in the context of 2 + 1 dimensions). 

For a single black ring and for multiple concentric black rings, the appropriate sections 
have been considered in [12], guided by the explicit ring solutions [7] and [9]. Although these 
results were obtained without taking into account possible higher-derivative interactions, they 
should still apply to the general the choice of the sections and the corresponding Dirac 

membranes is entirely based on the topology of the underlying charge configuration. With 
this in mind we replace (4.35) by the following sections (for a single ring), 

W^dx^ = -p 1 [cos 9 dip ± d(ip + lip)] + a 1 dip , (4.36) 

where we note that cos 9 can be extended globally into the ring coordinate conventionally 
denoted by x [7, 58]. For x = 1 and x = — 1 one is dealing with the inner and the outer 
part, respectively, of the two-dimensional plane that contains the ring. Hence the plus sign 
in (4.36) refers to the section that is singularity free in the outer part of plane, and the minus 
sign to the section that is singularity free in the inner part. 

The nontrivial, and somewhat unexpected, feature of (4.36), is that the gauge transfor- 
mation between the two patches involves a dip component, contrary to what one would expect 
based on intuition from four dimensions. Indeed, in the case of an infinite black string, this 
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gauge transformation is just oc p dip. However, the ring topology requires a more extended 
gauge transformation. 

One way to understand this difference is to appreciate the fact that, in order that the Dirac 
membrane be unobservable, the gauge transformation between the patches must allow for 
general deformations of its worldvolume irrespective of its topology. Choosing a topologically 
trivial brane on each patch, say along the north and south pole of each sphere on the ring (see 
the two figures on the left-hand side of Fig. 1), leads to the gauge transformation — 2p*dtp 
between the patches. This is also the only possible choice for an infinite string. But in the 
case of a proper ring embedded in a four dimensional space, 7 the topology of the spatial 
manifold .M 4 corresponding to the embedding space minus the ring is nontrivial. Possible 
Dirac branes are classified as the boundaries of three-dimensional spatial hypersurfaces. Thus 
it is important to know the third homology group H^(Ai 4 ), since the Dirac brane can also 
be the boundary of a non-trivial hypersurface, as opposed to the trivial one discussed above. 

In the case at hand it can be shown that ^(.A/f 4 ) = Z, so that the generator of the group 
is a hypersurface with no boundary that wraps the ring once. A corresponding Dirac brane 
is described as the boundary of the sum of the topologically trivial hypersurface and this 
generator. Such a brane starts at the north pole of the sphere at some point along the ring. 
When moving along the S 1 of the ring, this brane rotates to the south pole and subsequently 
it returns to the north pole when reaching the point of departure. A singular limit of this 
surface is shown on the right-hand side of Fig. 1. Using the construction based on de Rham 
currents in [56, 57, 59], this leads to a gauge transformation between the gauge field patches 
that is proportional to the Poincare dual of the generator described above. A component 
along ip is obviously necessary due to the plane in the centre. The relative coefficient in the 
gauge transformation d((p + ^ip) has been fixed by demanding periodicity of this generator. 
Finally, note that higher wrappings would introduce integral multiples of the same one-form, 
and are therefore irrelevant in view of the integral shift symmetry of a 1 . 

The way to measure the Wilson line moduli a 1 now proceeds through the Chern-Simons 
charges of the ring, defined by the integral over the 3-cycle associated with the horizon E, 

Qf s oc j Cij K W J AF K . (4.37) 

It was demonstrated in [12], by using the sections (4.36) and carefully evaluating the integral, 
that the Chern-Simons charges are linearly related to the moduli a 1 , i.e., Qf s oc Cjjk a J p K ■ 
The use of the sections (4.36) is essential for obtaining this relationship, so that the a 1 , which 
are identified in this way, are no longer subject to small gauge transformations. Here it is 
relevant that the Chern-Simons charges are also invariant under small gauge transformations. 
This result is also consistent with large gauge transformations as both the a 1 and the Qf s 
change under a large gauge transformations by an integer (in proper units). 

Although it is not the primary purpose of this paper to consider multi-ring solutions, it 
is illuminating to briefly consider the situation of concentric rings [9]. Labeling the rings by 

7 We assume a topologically trivial embedding space, like R 4 or Taub-NUT, in the following discussion. 
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Figure 1: The two figures on the left-hand side correspond to the two different gauge field patches based 
on a topologically trivial choice for the two-dimensional Dirac brane. The three-dimensional hypersurface 
bounded by the two branes is a ball B 3 . The gauge transformation associated with the transition between 
the two patches has only components along the angle ip not shown in the picture. On the right-hand 
side the two figures show a singular limit of the relevant but non-trivial choice for the Dirac brane. The 
three-dimensional hypersurface connecting the two branes is the sum of the B 3 above and the generator 
of i?3(7W 4 ). The corresponding gauge transformation has an additional component along the ring circle, 
normal to the plane. 



an index i, one introduces the moduli a 1 i and the charges p 1 \ of the i-th ring. Following 
the same logic as above, an extended set of sections generalizing (4.36) can be found that 
matches the one used in [12]. One can then derive the following relation, 



Q? S oc C IJK 



(4.38) 



which, for a single ring, reduces to the previous result. The above relation indicates that 
the Chern-Simons charges are not additive, unlike the moduli (a )j and the charges (p )i 
associated with the various rings. In fact, as we will establish later in section 8, the best way 
to write this result is as follows, 

Q? S -6C IJK P J P K = -12C IJK ^2(a J + \p J ) iV K i , (4.39) 

i 

where P 1 \ = ^2iP J i- This indicates that the expression on the left-hand side is in fact 
additive. We will return to this topic in section 8. 
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4.4 Linear multiplets 



As a last topic of this section we reconsider the two linear multiplets constructed in section 
3 from the product of two vector multiplets and from the square of the Weyl multiplet both 
vanish for BPS configurations, as the reader can easily verify. However, the corresponding 
three-forms, denoted by E^ up , do not necessarily vanish. Since these quantities will play a 
role in what follows, we will evaluate some of the corresponding expressions here. 

First of all, we present some components of the tensor field E^fp , defined in (3.5). Subject 
to the BPS conditions, one obtains the following results, 
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For E™ defined in (3.9), one derives the following equation upon using the BPS conditions, 
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This result leads to the following components, 
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We note that the components listed in (4.40) and (4.42) are consistent with the fact that 
these three-forms are closed. Furthermore they are invariant under the scale transformations 
mentioned previously. 



5 The Lagrangian and the electric charges 

The construction of the relevant Lagrangian follows from the results presented in section 3. 
Linear multiplets can be constructed from the products of two multiplets, which can then be 
coupled to a vector multiplet by using the superconformal density formula (3.10). The linear 
multiplet constructed from two vector multiplets will be written by means of a symmetric 
three-rank constant tensor Cjjk, which can be identified with the tensor that we introduced 
earlier in (4.1), although this is by no means essential. Below we will also use the notation 
C(a) = Cjjk c j r c" 7 & K ' ■ The lowest component of the linear multiplet associated with the 
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symmetrized product of two vector multiplets will thus be identified with —CijkL % ^ jk \ 
where we make use of (3.3). Higher components are defined accordingly. The vector multi- 
plet that couples to the linear multiplet quadratic in the Weyl multiplet is characterized by 
constants cj, so that its scalar field equals c/cr 7 . Finally we also include the Lagrangian for 
hypermultiplets. 

After these definitions we introduce the expression for the bosonic terms in the La- 
grangian, with convenient normalizations, decomposed according to, 



£ — ^wv ~i~ ^hypcr ~)~ ^vww • 

Here the Lagrangian cubic in vector multiplet fields equals, 
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(5.2) 



the Lagrangian for hypermultiplets (one of which plays the role of a compensating supermul- 
tiplet) reads, 



8vr 2 £ hyper = -§n a/J e^V^Af TP A* + X [j^ + 2 D + 
and the Lagrangian containing the higher-derivative couplings is given by, 
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(5.4) 



We remind the reader that 7Z and 7Z ab refer to the Ricci scalar and tensor. The factor 
8tt 2 , which equals four times the volume of the unit sphere S 3 , has been included to avoid 
explicit factors of it when defining electric charges. 8 In the above result there are two terms 
which cannot be written in a manifestly gauge invariant form, related to the appearence of 
gravitational and SU(2) Chern-Simons terms. To avoid these Chern-Simons terms we have 
chosen to write their contribution in a form that is explicitly proportional to the gauge fields 

8 In four space-time dimensions one extracts a factor equal to two times the volume of the unit sphere S 2 . 
In this way the Coulomb potential has the same normalization in four and in five dimensions, without factors 

Of 7T. 
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Wn ■ This representation may lead to difficulty in case that the gauge fields are not globally 
defined, as we shall discuss in due course. 

For future use we present the equation of motion for the auxiliary field D that follows 
from the above results, 

f Cl a T D + cj(8 a 1 ^ - F^ 1 ) T ab + 4 C(a) + 2 x = . (5.5) 

On the horizon, this relation yields 

X = -2C{a)-2c I a I T 2 . (5.6) 

To appreciate the implications of the above results, let us first consider (5.2) for a single 
vector supermultiplet, so that C(cr) = a 3 . When suppressing the coupling to the fields T a b, 
D and to the Ricci scalar R, we are dealing with a Lagrangian based on a scalar field a, 
a gauge field Wu and an auxiliary field Y 13 . Upon re-introducing the fermion fields, this 
Lagrangian is invariant under rigid superconformal transformations. Note that the overall 
sign of the Lagrangian is irrelevant, as it can be absorbed into an overall sign of the vector 
supermultiplet fields. To identify the kinetic terms one may expand about some constant value 
of the field a. The value of this constant is arbitrary and in fact it can be changed by a scale 
transformation that acts on all the fields and belongs to the rigid superconformal symmetry 
group. Note the presence of the Chern-Simons term, which implies that the corresponding 
action is only gauge invariant up to boundary terms. 

When coupled to the fields of the Weyl multiplet, this Lagrangian is invariant under 
local superconformal transformations. However, it is inconsistent because the field D acts 
as a Lagrange multiplier which requires a to vanish. To avoid this difficulty one must also 
introduce the superconformally invariant Lagrangian of a hypermultiplet. Introducing one 
hypermultiplet, the field equation for D implies that % = —2 a 3 . In view of the local invariance 
under scale transformations a can be fixed to a constant. The phases contained in the 
hypermultiplet scalars can be fixed as well by making use of the local SU(2) transformations 
of the superconformal group, so that none of the scalar fields will correspond to physical 
degrees of freedom. Furthermore one can eliminate the auxiliary fields, Y %3 and T a b, by their 
(algebraic) field equations, which yields Y 1 ^ = and T a b = (4a)~ 1 F a b. Hence one is left with 
(for constant a), 

8vr 2 £ = -\a 3 Tl - \a F^F^ - §i e~ V^W^i^ , (5.7) 

which, upon including the gravitino field (the other fermions are either auxiliary or can be 
set to zero by a gauge choice), is equal to the Lagrangian of pure five-dimensional super- 
gravity. Observe that the vector gauge field is the only field of the vector multiplet and the 
hypermultiplet that describes physical degrees of freedom. The other ones are compensating 
fields (associated with scale transformations, R-symmetry and S-supersymmetry) or auxiliary 
fields. The field a is a constant and defines the Newton constant to be equal to Gn = c~ 3 , so 
that the Ricci scalar will appear in the Lagrangian with a multiplicative factor (167t 2 Ctn) _1 . 
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This definition of Newton's constant is different from the more conventional one, where one 
adopts a prefactor (167tGn) _1 , just as in four space-time dimensions. As a result of the 
convention of this paper, the Bekenstein-Hawking area law, leads to the area in Planck units, 
A/Gj$, with proportionality factor (Att)^ 1 . 

Let us briefly examine the relevant definition of the entropy defined in terms of the Noether 
potential [21, 23], 

f dC, 

^macro — 27T / — — ^pu^-pcr : (^ - ^) 

where e^v is the bi-normal tensor associated with the horizon, normalized such that e^ v e^ v = 
—2. For C = — (167t 2 Gn) _1 '^-, this definition yields 5 macro = ^(A/ttGn), which is the area 
law with the area described in units of 7tGn- This has a bearing on the various normalization 
factors for the Noether potential and the entropy discussed later on. 

In the next section we present a more detailed discussion of the entropy and the angular 
momentum. Before doing so we briefly discuss the electric charges, which follow from the 
relevant integral over the 3-cycle that encloses the black hole or the black ring, 

2 



qi = 8^- 



J d8 dip dV [-3 C IJK + cj , (5.9) 



where the relative factor 3 results from the fact that the Lagrangian (5.2) is cubic in the vector 
multiplets, whereas the Lagrangian (5.4) is only linear. An overall factor 2 has been included 
to be consistent with the usual definition of the charge in terms of the electric displacement 
field. Making use of the results (4.40) and (4.42), one obtains the following result, 

qi = I^Cuk {<J J a K e^Toi - a J [W^ K ] T 23 ) - e°T 01 , (5.10) 
where we used the definition 

[W ^ ] = 16^ j d0d ^ d ^ sin^W/. (5.11) 

which is gauge invariant under periodic gauge transformations. For spinning black holes, 
where the gauge fields are globally defined, (5.10) takes the form 

qi = ^- [C IJK a J a K - c 7 T 01 2 ] . (5.12) 

Observe that the above results are scale invariant. 

To derive the corresponding result for the black ring is more subtle in view of the fact 
that the gauge fields are not globally defined, as was discussed in subsection 4.3. This will be 
discussed in subsection 8 and the resulting expression for the charges will be given in (8.7). 

The charges can also be determined by making use of the Noether potential associated 
with abelian gauge transformations. Consider, for instance, a Lagrangian in five space-time 
dimensions consisting of an invariant Lagrangian depending on the abelian field strength Fu U , 
its space-time derivatives V p F^ u , and matter fields denoted by ip and their derivatives V M V> 
plus an abelian Chern-Simons term, 

£ total = £ mv (i? ^ VpF ^ ^ + £ ^r A ^ FupFar (5^3) 
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For this Lagrangian, the Noether potential reads as follows, 

Q&wtt, = 2 Cgt - 2 V p C p / v i + 6 e- l e^ T iA p F aT , (5.14) 

where cj) generically denotes the various fields and £ is the infinitesimal local parameter asso- 
ciated with the gauge transformations. Here we use the notation, 

SC inv = SF^ + C?f 5{V P F^) +C^5^ + 5{V ^) (5.15) 

It is straightforward to verify that d^Q^ is equal to the field equation, up to terms propor- 
tional to d u £. The electric charge can be written as 




(5.16) 



where e pu is the binormal tensor associated with the horizon and the gauge parameter £ must 
be taken constant so that the underlying field configuration is invariant and the corresponding 
Noether current vanishes on-shell. 



6 Entropy and angular momentum for black holes and rings 

The evaluation of the entropy and the angular momentum proceeds from the expression for 
the Noether potential associated with space-time diffeomorphisms [21, 22, 23]. In the case at 
hand this is complicated in view of higher-derivative interactions, but it is especially subtle 
because of the presence of the Chern-Simons terms. At the end, one must evaluate the integral 
of the appropriate Noether potential over the horizon, and here one may encounter an extra 
subtlety when the gauge fields are not globally defined. This will be discussed further in 
section 8. 

In this section we start with a systematic discussion of the relevant Noether potential 
based on the Lagrangian specified in section 5. This Lagrangian contains two different Chern- 
Simons terms, one of the type W A F A F, which is cubic in the abelian gauge fields, and a 
mixed one of the type W ATr[72 A 72], which is linear in the gauge fields and quadratic in the 
Riemann curvature. The derivation of the corresponding Noether potential is straightforward 
but subtle. We first evaluate this potential for a Lagrangian that depends on the Riemann 
tensor, on the field strengths of abelian gauge fields, and on an anti-symmetric tensor field T„„ 
with at most first-order space-time derivatives V^T^p. This Lagrangian does not contain the 
two Chern-Simons terms, which are considered separately. Its Noether potential associated 
with space-time diffeomorphisms decomposes into two different terms, 

or = + Q^ei-ew, 1 ) , (e.i) 

corresponding to the following decomposition of the diffeomorphisms on the gauge field, 

stwj = -d^ewj - eduWj = fFp, 1 + d^-ewj) . (6.2) 
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The first term, which does not contain the effect of the last term in (6.2), is given by 

g^(£P) = -2£^ ff V p e CT + 4V p £^ CT ^ 

+ [C^ a T\ + T\ + T p a - (p o u)] t p , (6.3) 

where £ p parametrizes the diffeomorphisms, and C pypa and C p, ' vp denote partial derivatives 
of the Lagrangian according to 

5C = C% pa Sn^ + C% vp 5(V^T up ) . (6.4) 

These derivatives are subject to the BPS attractor equations. As a result they take the 
following form on the horizon, 

8vr 2 £^ p<T = {-ICi^-lc^T^g^Pg^ + \c I a I {T^T pa -T^ p T^ u ), 
8^ 2 C2f = -3c/CT / (3P [At T ly ] p + V p T pu + \\e puaXT T aX T T p ) 

= -fic/a 7 e pv ° Xr T aX T T p , (6.5) 

Obviously we also need the derivative V ' p C^ pa , which follows form (6.5) by means of the 
attractor equations. The result reads as follows, 

8tt 2 V p C^ pa = |ic/ C j / (r^e ,7pAKT - T a ^e^ pXKT )T pX T KT . (6.6) 

It remains to consider the second term in (6.1), Q,g& a gc{— which denotes the 
Noether potential associated with the abelian gauge transformations with field-dependent 
gauge parameters ^ = —£ p W p . This potential was already presented in (5.14), where the 
last term corresponding to the W A F A F Chern-Simons term has been suppressed. We thus 
need the expression for Cp V j (c.f. (5.15)), 

8ir 2 £ pu j = \Ci JK a J F pvK - 9 C IJK a J a K T pu 

- Rab^(M) T ab + f \ Cl e pvp ° T T p \ (v x T aT + f P CT T r A ' 

- a [T pu (D + §T 2 ) - \T pp T pu T uv \ 

= - 3 C IJK a J a K T pu + § a (T pu T 2 + 6 T pp T pa T au ) , (6.7) 

where the second equation represents the value taken at the horizon. 

By combining the above contributions we obtain an explicit expression for (6.1). In 
practice we need the contraction of the Noether potential with the bi-normal tensor (4.28) 
associated with the horizon. Therefore we evaluate the following expression for (6.1), 

8vr 2 e^Q^ = - 2e i C{a) V [0 &] 

- 2 eoi cja 1 [3 T 23 2 V [0 £i] - 2 T 01 T 23 V [2 £ 3] + 11 T i 2 T 23 &] 

+ 2e 01 eW p I T 01 [-6C IJK a J a K + 3c/(T 23 2 + 2T 01 2 )] . (6.8) 

Subsequently, we turn to the Chern-Simons terms contained in (5.2) and (5.4), 

8^ 2 £ C s = ~U e- x e pvp ° T \C U K WjF vp J F„ K + Ac, W*K up ab TZ aTab \ , (6.9) 
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which contribute to the Noether potential as follows, 

8vr 2 g^ = lie^s^CuK^Wx'W/F^ 
+ ii e~ V^ C/ W/ K aT KX V K £ A 

+ ii e" 1 eP° rXK Cl F p J U rX ^ £ K . (6.10) 

We note that the first term is similar to what one expects from the expression for the Noether 
potential associated with gauge transformations. However, it carries a different pre-factor 
than in (5.14), a feature that is well known (see e.g. [60]). Evaluating this expression at the 
horizon, using (4.7) and (4.34), yields, 

8vr 2 ^Q^ s = 8e iT 23 C I jKC7 I W 5 J W x K C X 

- e i c/Wg 1 [-2T 01 T 23 V [0 &] + (T 01 2 + 4 T 23 2 ) V [2 £ 3] ] 

- eoi Toi 2 a [Ws 1 V [5 £ 2] - W 2 * V [5 &]] 

+ 2 eoi cja 1 ^ [6T i 2 - T 23 2 ] £ 5 . (6.11) 

Note that the above results depend explicitly on the gauge fields W^ 1 . For black holes, 
where the gauge fields are globally defined, this is not an issue. However, for black rings the 
situation is different and extra care is required. As we discuss in subsection 6.1 we will employ 
an alternative treatment of the mixed Chern-Simons term which will lead to expressions that 
differ from (6.9)-(6.11). 

By integrating the Noether potential over the horizon one obtains the entropy and the 
angular momentum from the Noether potential associated with the relevant Killing vector 
and contracted with the bi-normal tensor (4.28). For the entropy the relevant Killing vector 
is the timelike one, £^<9 M = d/dt, and in the integrand one drops all terms except the ones 
proportional to Vro£n = £oi. 



7T / e^G^CO , (6.12) 



V [fl £„,=e M ,;^=0 

For the angular momentum the Killing vector is associated with the corresponding periodic 
isometry of the space-time, and one has 

m = I e^OTiS) ■ (6.13) 

J ^hor 

6.1 An alternative form of the mixed Chern-Simons term 

In the above derivation of the Noether potential, we were able to handle the mixed Chern- 
Simons term by writing it in the form W A Tr[7£ A TZ], so that the Lagrangian is manifestly 
diffeomorphism covariant at the expense of introducing explicit gauge fields W^ 1 . This is 
acceptable in cases where the gauge fields are globally defined, such as for spinning black 
holes. In the case of a black ring, however, the presence of magnetic charges implies that the 
gauge fields are only defined in patches, making the use of the above formulae questionable. 
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Therefore we consider an alternative derivation, based on a modification of the Lagrangian 
(5.4) proportional to e' lupcrT W fl I Tl U p ab Tl <TTab , by adding a suitable total derivative. In this way 
the gauge field is converted to its field strength (which is globally defined) , and the square of 
the curvature tensor 7Z is converted to a corresponding Chern-Simons term. The alternative 
form of the mixed Chern-Simons term is thus, 9 

8vr 2 £ C s = -^ie" 1 e^ p<JT c I F tlv I uj p ab (d a u Tab - §uwu; r c 6 ) . (6.14) 

From the point of view of general coordinate invariance, this change does not seem crucial, 
as the Lagrangian (6.14) still transforms as a scalar. On the other hand, the spin-connection 
field u) /1 ab is a composite vector field associated with local Lorentz transformations. As a result 
of the explicit spin-connection, this form of the Lagrangian is no longer invariant under local 
Lorentz transformations, but transforms into a boundary term. 

In this formulation diffeomorphism invariance of the relevant field configurations will be 
defined up to a local Lorentz transformation. Therefore Lorentz transformations have to be 
taken into account in the relevant Noether potential. In the previous form of the mixed Chern- 
Simons term given in (6.9), the local Lorentz transformations were avoided because that 
expression can be interpreted directly in the metric formulation without the need for including 
vielbein fields. In principle, the invariance of the field configuration could require additional 
components associated with gauge transformations other than the Lorentz transformations, 
but the gauge fields turn out to be invariant under the relevant diffeomorphisms without the 
need for including compensating gauge transformations. Therefore it suffices to consider only 
diffeomorphisms and local Lorentz transformations in the following. 

Under the combined variation of a diffeomorphism and a local Lorentz transformation 
with parameters and e ab ', the Lagrangian (6.14) corresponding to the mixed Chern-Simons 
term transforms as 

8tt 2 5(^Ccs) = -fy (eVgCca ~ m^ upar cjF^ 1 d a e ab u T ab ) . (6.15) 
The corresponding Noether potential depending on both £^ and e ab , is then equal to 

8rr 2 Q^ = -^ie" 1 c I F po I u> T ab [e ab - \?u Kab ] 

+ ^ie" 1 e^° T a £ A W A V* {d a u Tab - \u aac co T c b ) 

+ £i e" 1 eP° tXk aFpJ W U ■ (6.16) 

We note that the last two covariant terms proportional to F A R are identical to the corre- 
sponding terms given in (6.10). This expression should be evaluated for backgrounds that are 
invariant, which implies that the transformation parameter e ab should be chosen such that 
the vielbein is invariant under the diffeomorphisms. This implies that the diffeomorphism is 
again generated by a Killing vector and 

e ab = -V [a £ b] + i x u x ab . (6.17) 

9 Note that in this subsection we suppress the W A F A F Chern-Simons term of (6.9), which is not affected 
by the conversion and whose effect has aiready been evaluated. 
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This result for e ab should be substituted into the expression (6.16) for the Noether potential. 
The resulting expression is then expected to match the previous result (6.10) (without the 
contribution of the W f\F f\F Chern-Simons term which has not been included above), when 
both the gauge fields and the spin connection field can be globally defined. This is not the 
case for the black hole and black ring solutions, so that only one of the two expressions will 
be applicable in either case. It should be of interest to compare the two formulae in more 
detail by making explicit use of coordinate patches. 

We should, however, briefly comment on the ambiguity in (6.16) related to the fact that 
the extraction of the derivative in (6.15) is not well motivated for the second term, as 
we could have also left the derivative on the spin connection field oj T ab and extracted the 
derivative from the transformation parameter e ab . The choice made above can be justified 
along the lines of [24], which is consistent with the original description of Wald [21, 23]. One 
considers the variation of the corresponding Noether current under a continuous change in 
the space of solutions of the field equations, in order to derive the first law of black hole 
mechanics. For the current relevant in this section, this variation equals, 

8tt 2 5J»^, C, e) = d v [WW, 8(f)) - ^^(0, 8(f))} + u#; Stf, 8(f)) 

- \id v [e^ T Cl 8W P ' d a e ab u Tab ] , (6.18) 

where £^ parametrizes a diffeomorphism and e ab a Lorentz transformation, while the variation 
8^ is defined as the combined effect of both transformations. The variations 8(f) and SW^, 1 con- 
nect two nearby solutions. At this point the diffeomorphism and the Lorentz transformation 
are arbitrary and do not have to constitute an invariance of the field configuration. 

The first two terms on the right-hand side are generic. The first one, proportional to the 
divergence of ^6 U \ should be written as the variation of another term, which can then be 
included into the Noether potential. This modification will not change the entropy because 
it does not involve derivatives of and furthermore it does not contribute to the variations 
of the angular momenta at spatial infinity [23] . Actually, the form of this term ensures that 
the angular momenta can be determined from the Noether potential and remain constant as 
a function of the distance from the horizon [60]. 

The second term is equal to co((f>, 8i4>; 82$) = 820{(f>, 8\4>) — 8\6{(f), 82(f)), where 81(f) and 82(f) 
denote independent field variations. When is the time evolution field, then the integral of 
this quantity over a Cauchy surface will be equal to the corresponding Hamiltonian in the 
covariant phase-space approach. The variation of the ADM mass follows from this Hamilto- 
nian, and the modification to the Noether potential related to will thus contribute to 
it. It is also relevant that u)((f>; 8^(p, 8(f)) will vanish for symmetric field configuration, because 
8^(f> = in that case. 

The hope is that the third term in (6.18) will behave in the same way. This term will also 
lead to modifications of the Noether potential, and since it depends on £^ as well as on its 
derivatives, these modifications may affect the entropy. However, it is easy to see that this will 
not be the case, because the relevant e ab at the horizon is precisely the bi-normal tensor (4.28), 
whose derivatives vanish. Therefore the third term in (6.18) will not lead to extra terms in the 
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entropy. For the angular momenta, the situation is similar but more subtle. In that case the 
combination d a e ah u) T ab vanishes at the horizon, except for dee ab co^ a b oc sin 9 cos 9. Therefore 
this term vanishes upon integration over the horizon for all SWp 1 that are allowed by the 
attractor equations. Hence the angular momenta at the horizon are not modified and can be 
determined from the Noether potential obtained earlier. An obvious question is, whether the 
angular momentum whose variation appears in the first law, and which is measured at spatial 
infinity, will coincide with the angular momenta determined at the horizon. The answer to 
this question is not known, but the results that we will present in section 8 indicate that 
the answer is affirmative. Obviously a full derivation of the first law for the ring geometry 
is subtle in the presence of higher-derivative couplings. Without the latter, the derivation of 
the first law has already been pursued in [61] in connection with the presence of the dipole 
charges. 



7 Spinning BPS black holes 

In this section we apply the material derived in the preceding sections to the case of spinning 
black holes. Subsequently we discuss various implications of our results and compare them 
to results that have been obtained elsewhere. 

We assume arbitrary non-zero values of p°. Using (4.27), we integrate the Noether po- 
tential derived in (6.8) and (6.11) over the horizon. In this way we obtain the following 
expression for the entropy, 

SZ r o = ^[C(a) + 4 C/ a 7 T 23 2 ]. (7.1) 

The moduli are expressed in terms of the angular momentum and the charges qj and p° 
by the attractor equations. The black holes have only one component of angular momentum, 
associated with the Killing vector £^<9 M = d/dip. Here we refrain from introducing any 
additional normalization factor. This leads to £5 = e 9 and 

V^x] = 2 T 23 e^ , V [2 £ 3] = -2 T 01 e» . (7.2) 

Substituting these results into (6.8) and (6.11), and setting sqi = 1, yields the following 
expression for J^, 

= [C IJK cx I a J a K - ^aa 1 T 01 2 ] . (7.3) 

Note that there is no other non- vanishing component of angular momentum in this case. The 
charges follow from (5.10) and (4.32), 

qi = ~ [C IJK a J a K - C/ T 01 2 ] , p° = ^ T01 . (7.4) 
It is convenient to express these results in terms of scale invariant variables defined by 

^ = ^' ^=^r = ^- (7 - 5) 
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In terms of these variables (7.1) reads 



525™ = J nP °^ - [p^CWVV* + J ^ ^ , (7.6) 



whereas the attractor equations for the electric charges qi and the angular momentum «L, 
take the form, 



9i 



6 p° iJik i 

C IJK 4> $ - 777 CJ 
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This result shows that is proportional to the angular momentum, as is also obvious from 
(7.5). To understand the limit in which the charges become uniformly large, we consider 
uniform rescalings of the charges qj and p° as well as of the moduli (j) 1 and (fP . Obviously, 
the terms proportional to Cijk in the attractor equations are consistent with this scaling, 
whereas the terms proportional to cj are suppressed inversely proportional to the square of 
the charges and thus represent subleading contributions. The leading term of the entropy 
then scales as the square of the charges, while the correction terms proportional to c/, which 
originate from the higher-order derivative couplings, represent the subleading contributions 
in the limit where all charges become large. 

The above results can be compared to the corresponding results in four space-time di- 
mensions. The relevant holomorphic and homogeneous function in which the supergravity 
action is encoded takes the form, 

F{Yir) ^, JK yy^ + i ,yr (78) 

Here Y 1 and Y° are holomorphic variables related to the scalar fields of the four-dimensional 
vector multiplets and T is the lowest component of the square of the Weyl multiplet, all 
subject to some uniform rescaling. The quantities Dijk and dj should be identified with 
Cijk and c/, up to suitable proportionality factors. In terms of these variables the attractor 
equations read [4, 62, 54], 

Y A -Y A = ip A , Fa — Fa = iq A , (7.9) 

where the index A denotes A = or A = I and where the magnetic and electric charges are 
denoted by p A and q A , respectively. Furthermore the BPS condition implies T = —64. 

It is well-known that the theory based on (7.8) is invariant under the following symmetry 
transformations, which take the form of electric/magnetic dualities (see, e.g. [63]), 

y 1 -»• y J + & 7 Y°, 

F -»• F -k I F I -3D IJK k J k K Y I -Duk^^^Y , 

F T -»• F I + 6D IJK k J Y K + 3D IJK k J k K Y° , (7.10) 
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where the parameters k 1 are real. In principle there could be other dualities as well, depending 
on the specific form of the coefficients Cijk and c/. The electric and magnetic charges will 
exhibit similar transformations, 

P° — > P° , 

p 1 -> p 1 + fcV , 

90 -> q -k I qi-3D I j K k J k K p [ -D I j K k I k J k K p , 

9/ -> + 6D IJK k J p K + 3D IJK k J k K p°. (7.11) 

Parametrizing the Y" 4 by Y" 4 = + rp" 4 ), so that the magnetic attractor equations 

of (7.9) are satisfied, we obtain the following expressions for the entropy and the remaining 
attractor equations for p 1 = and p° ^ 0, 



cBH _ 27Tp° 
^4D - /jn2 , _ n 2 



with 

g/ 4D 
9o 4D 



^ + p° Z ) 2 L 
3j9° 



P^Duk^^U* + 256 1 , (7.12) 



b° 2 + p° 2 



Duk4>U k - 2 -fdj 



20> 



hO 2 +p02)2 



Di JK tf4> 3 4> K - 256 . (7.13) 



The symmetry discussed in (7.10) and (7.11) is not manifest for the above result, in view of 
the fact that we have fixed the p 1 to zero. However, it can be used to find the corresponding 
expressions for non-zero charges p . 

Without giving a precise calibration between four- and five-dimensional quantities (which 
is subtle in the presence of higher-derivative couplings) it is clear that the four- and five- 
dimensional expressions are not compatible upon absorbing suitable normalization factors in 
the quantities involved. The difference seems to reside exclusively in the attractor equations 
for the electric charges qi, in the terms proportional to cj induced by the higher-derivative 
couplings. The expressions for entropy and angular momentum agree assuming that the 
charge go 4D is identified with J^. These results are different from those obtained in [16], 
especially in the case of non-zero angular momentum. For details, we refer to the discussion 
at the end of this subsection. 

To investigate some of the consequences of this discrepancy, we again consider the attrac- 
tor equations (7.7), where we rescale the coefficients cj in the attractor equations for qj by 
cj — ¥ ol cj to account for the two different expressions. Hence we set the parameter a = 1 or 
|, depending on whether we consider D = 5 or 4 space-time dimensions, respectively. 

Subsequently we solve the attractor equations for (j) 1 and <jP to first order in c/, keeping 
the charges constant. To do this we first determine the solution for the case that cj = 0, 

=£=«-£ s +0< e ,), 

JO 2 + p0 2 VP 

' hP ° 2 +0( CI ), (7.14) 



2vW-i(p%) J 
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where the q 1 are defined by the requirement that they satisfy the attractor equations in the 
limit of vanishing c/. Therefore we have, 

qi = 6C IJK q J q K , 

Q 3/2 = 2Cjjq J q K , 

C U = C IJK q K . (7.15) 
To first order in cj this result changes into, 




j , a(p° Q 3 -l(p° J^ 
32p° 2 Q 3 

02 



+ c ij cj + o{c?) , 



W {l - (3 ;" %7/ } + O(c^) , (7.16) 



where the matrix C denotes the inverse of Cjj. Substituting these expressions into the 
entropy formula (7.6), one obtains, 

5 m Lo - 2vr ^oq3_1 (W + ^-^) + 0( C/ 2 ) . (7.17) 

We note that the terms proportional to c/ are indeed subleading in the limit of large charges. 

The expression (7.17) can be confronted with results from the literature. For the non- 
rotating case, where a direct comparison with microscopic counting is possible, the above 
result with a = 1 agrees with the results reported in [26, 27]. For the rotating black hole, no 
analytic microscopic results are available, but our results can be compared to the supergravity 
results of [16, 17]. Here there is a clear discrepancy originating from the different form of the 
attractor equations (7.3) for the electric charges and the angular momentum, which reflects 
itself in a different dependence on J in (7.17). The expression (7.17) can also be compared 
to the results of [36], where the only higher-derivative coupling included into the action 
was the Euler density. For zero angular momentum one recovers the same relative factor 
for the subleading correction between the four- and five-dimensional entropies represented 
by the parameter a in (7.17). For finite angular momentum the subleading corrections 
determined by [16, 17] and [36] are mutually different and both fail to reproduce the expression 
(7.17). As already mentioned in footnote 2 there exist microscopic results for theories with 
16 supercharges [30, 31], which could possibly be connected to the results of this paper in 
certain asymptotic limits. 

Irrespective of the discrepancies in the rotating case, our five-dimensional results, as well as 
those in [26, 27, 16, 17] disagree with a naive uplift of the four-dimensional result. Restricting 
ourselves to the static case, it appears that the | discrepancy in the attractor equation for the 
charges is ubiquitous. A possible origin of these discrepancies follows from the observation 
that the actions used in four and in five dimensions are not directly related by dimensional 
reduction. Upon reduction the five-dimensional Weyl multiplet decomposes into the four- 
dimensional Weyl multiplet and a four-dimensional vector multiplet, as is obvious from table 
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3. Therefore we expect that the resulting four-dimensional action will also contain special 
higher-derivative couplings involving vector multiplets that have, so far, not been considered 
in this context. Apparently these terms do not change the expression for the Wald entropy 
expressed in the moduli. The latter is in accord with a result of [64], where the construction 
of higher-derivative Lagrangians for tensor multiplets leads to additional couplings to the 
Riemann tensor which all vanish in the BPS limit, so that they will not contribute to the 
Wald entropy. Assuming that this phenomenon holds in the general case, then the higher- 
order couplings of the vector multiplets may still generate new contributions to the electric 
charges or to the angular momentum. At present these couplings are not completely known 
so it is difficult to check whether or not this is the correct explanation for the discrepancy. 
Observe that this phenomenon will not arise for models with 16 supercharges, because in 
that case the five- and four-dimensional Weyl multiplets carry the same number of degrees 
of freedom. See appendix B for details. 

To further explore this difference between four and five space-time dimensions, let us 
also consider the case of small black holes, whose entropy depends sensitively on the higher- 
derivative couplings. We assume Ci a b = r/ 6 and c a = 0, which represents the typical situation 
for K3 x T 2 heterotic string compactifications. From the attractor equations (including the 
parameter a as before) we obtain 
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Using the above equations one easily derives, 
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Let us now set q\ = 0, so that we are describing small black holes. In that case one finds, 
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(7.21) 



where (ff is related to the angular momentum according to 

6° 4 - 3 a 



J, 



6° 2 + p° 2 



12 a 



a ci r] ab q a c 



(7.22) 



For non-zero angular momentum this last relation does not allow a uniform rescaling of the 
charges in the way indicated before. For zero angular momentum only the first term in (7.21) 
contributes. In that case the entropy coincides with the four- dimensional result for small 
black holes, except for an overall relative factor equal to y^/3 induced by the a-dependence. 
This result was already discussed in [27] where exact expressions for microscopic degeneracies 
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of small static black holes in five space-time dimensions were derived. In this work it was 
found that the asymptotics of the entropy of the small black holes in five dimensions is the 
same as in four, with the same normalization. To resolve this puzzle it might perhaps be 
helpful to also have microscopic results for non-zero angular momentum, so that one has a 
more detailed test for (7.21). However, such results are quite difficult to obtain. As is well 
known, in four space-time dimensions the sub-leading contribution to the entropy of small 
black holes is problematic in the supergravity description, but the leading contribution is 
in perfect agreement with microstate counting arguments. The five-dimensional result thus 
poses a puzzle in this respect. 

It is also worth mentioning that, when Jw, 7^ 0, the resulting values of the four-dimensional 
charges will not correspond to four-dimensional small black holes. Indeed, when setting a = | 
in (7.22), we find Jw, = 0, so that we are dealing with vanishing q^^p 1 ^" 1 , which do characterize 
a small black hole in four dimensions. Hence the situation remains unsatisfactory. 

8 BPS black rings 

In this final section we turn to the black rings, for which the relevant Noether potential has 
been derived in section 6. In particular we refer to the treatment of the mixed Chern-Simons 
term in subsection 6.1, which is crucial for the black ring. In this section we discuss the 
resulting expressions for the entropy, and for the charges and angular momenta, which are 
then confronted with results from the literature. As we shall see, the actual evaluation still 
involves a number of non-trivial issues related to the integration over the spacelike section E 
of the horizon. 

The relevant Noether potential consists of (6.8) combined with the contributions from 
the Chern-Simons terms that can be extracted from (6.11) and (6.16). Using that Tq\ = 
for the black ring, it is easy to see that (6.8) gives rise to the following contribution, 

8vr 2 e^Q^ = -2 eoi [C(a) + 3 aa 1 T 23 2 ] V [0 £i] . (8.1) 

Subsequently we add the contributions from (6.16), together with the first term in (6.11) that 
originates from the W A F A F Chern-Simons term, 

- ^ie" 1 e^ T c 7 F pCT V ab [e ab - \C^ah] 
-^ie-^P^dFpjTZrX^U 

+ £i e" 1 e^ XK cjFpa 1 KriT 6, . (8.2) 

Observe that the last two terms in (8.2) have already been evaluated in (6.11). The third 
term of (8.2) vanishes as can be readily deduced from (4.42). Straightforwardly combining 
the various contributions gives rise to the following additional contribution to the Noether 
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potential, 

8tt 2 e^Q 1 ^ = 2 e i T 23 [4 C IJK a J W 5 J £ X W X K - cja 1 T 23 2 £ 5 
-2 eoi c/a 7 T 23 2 



V[oCi] ~ ^ A ^aoi > (8-3) 

where we have used that u§ ab vanishes with the exception of u>5 01 = — 2T23. 

From (8.3) we directly determine the expression for the entropy, which coincides with the 
corresponding expression (7.1) for the black hole, 

Sltro = %[C{<?) + ±c I o I T 2i >]. (8.4) 

Observe that, in order to obtain this result, it was crucial to use the alternative form of 
the Noether potential derived in subsection 6.1. Naive application of the Noether potential 
that was used earlier for the black hole, will yield a different result. In any case, we should 
stress that the mixed Chern-Simons term contributes to both the black hole and the black 
string entropy. This raises some question about the derivation presented in [36] where the 
Chern-Simons term was not taken into account. 

To obtain the expression (8.4) we had to integrate over the horizon, which, in the case 
at hand, was straightforward. However, to determine the electric charges and the angular 
momenta, one is confronted with an integration of terms that depend explicitly on gauge 
fields that are not globally defined. To perform the integral one therefore has to make use 
of patches, as was already explained in section 4.3, in such a way that the result will be 
invariant under 'small' gauge transformations continuously connected to the identity. The 
precise procedure for doing this has already been proposed in [12], and we will adopt it here. 

We thus define two coordinate patches on the S 1 x S 2 spacelike cross section £ of the 
horizon. As we shall discuss in due time, these patches have to be also defined away from X, 
but for the moment we restrict our attention to £ itself. One patch contains the north pole N 
of the S 2 factor. It is parametrized by — 1 + e < cos 9 < 1, < tp < 2-7T and < tp < 47r. This 
patch has the topology of a solid two-torus. The second patch, which has the same topology, 
contains the south pole S of the S 2 factor, and is parametrized by —1 < cos# < —1 + e, 
< ip < 2tt and < ip < An. The boundary of these two patches is a two-torus defined by 
cos 9 = — 1 + e, where the parameter e will be taken to zero at the end of the calculation. On 
these patches we define the gauge fields, W^ 1 and W^ 1 , respectively, which are related by 
gauge transformations (3 1 . These gauge transformations move the Dirac brane singularities 
from the south to the north pole in a way that involves the ring coordinate ip, as was already 
described in subsection 4.3 (in particular, see (4.36)). Hence, 

W^dx^ 1 = -p 1 [cos#d<^-d(</?+ 4^)] + a 7 d^ , 

Wl 1 = < / + /3/, /3/d^ = -2/d(^+^). (8.5) 

Integrals over the spacelike cross section S of the horizon, are now decomposed into integrals 
over the sections N and S and an additional integral over the boundary of the coordinate 
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patches that involves the gauge transformations ft 1 . This last term must restore the gauge 
invariance of the integral under small gauge transformations [12]. The limit e \. is taken 
for convenience, so that the contribution from the section S will vanish, and the contribution 
from N will cover the whole horizon with the exception of the singular points related to the 
position of the Dirac brane. 

Let us first consider the attractor equations for the electric charges qi . From the evaluation 
of the charges for the black hole (c.f. (5.10)) it is clear that the only contribution originates 
from the Cjjk W 1 A F J A F Chern-Simons term, since all other contributions vanish when 
Tqi = 0. Therefore we focus directly on the Chern-Simons term, which requires to evaluate 
the integral of Cjjk W A F K over the spacelike cross section £ of the horizon. According 
to the prescription specified above, this integral is evaluated as follows, 

I C IJK W J AF K = ( C IJK W NJ AF K + ( C UK W SJ AF K 
JY, JH JS 

+ 2 [ C IJK W NJ AI3 K , (8.6) 

JdN 

where the factor 2 arises because F 1 = 2 dVF 7 . In the limit e J. 0, the second integral vanishes. 
The third integral extends over the boundary, dN = —dS, of the two sections. Now, observe 
that W NJ AF K is proportional to (a J + \p J )p K d9 Ad<p Adtp, while W NJ A/3 K is proportional 
to (a J — |(1 — e)p J )p K dip A dtp. As it turns out, the contributions proportional to p J p K from 
the first and the second integral cancel (in the limit e 1 0), whereas the terms proportional to 
a J p K add. This confirms the conclusion below (4.37) that the Chern-Simons charge should 
be proportional to Cjjk a J p K . From comparison with (5.10), one then easily determines the 
expression for the electric charges by substituting [W^^] = 2a K . The attractor equations 
for the black ring charges are therefore summarized by 

qi = -^C IJK a J a K , p° = , p 1 = . (8.7) 

It is important to realize that the prescription of [12] is based on the fact that d[VF^ A 
F K ] = \F J A F K is gauge invariant. Upon extending the patches outside the horizon, we 
may calculate F J A F K over a four-dimensional manifold by extending the radial coordinate 
r, which can then be expressed as an integral over its three-dimensional boundary. This is 
the justification for the prescription (8.6), as S constitutes (part of) this boundary. However, 
we have simply ignored that the gauge fields must in principle be extendable outside the 
horizon in the two patches, and in the above calculation this feature does not seem to play 
a role as we obtain a result that is invariant under small gauge transformations. Indeed, one 
can repeat the calculation without any difficulty for a different choice of coordinate patches, 
such as, for instance, defined by cos#o < cos 9 < 1 for the N patch and — 1 < cos 6 < cos#o 
for the S patch, so that the boundary is located at 9 = 9q. As it turns out the final result 
will not depend on #0 an d simply remains the same. 

However, the situation is different when considering the evaluation of the angular momenta 
and we shall see that the extension of the sections away from £ will become an issue. The 
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expression for the angular momenta follows from the Noether potential (8.3), which is again 
not gauge invariant so that the integral is again subtle. The troublesome term is the first 
one, depending on W$ J , which originates form the W A F A F Chern-Simons term shown in 
the first line of (8.2). This term leads to 

8tt 2 e pu Q^s = eoi C IJK £ W W/F vp K + ■■■ , (8.8) 

where the dots denote the remaining gauge invariant contributions in (8.3), which can be 
evaluated straightforwardly. Note that, unlike as on previous occasions, we converted the 
above expression to a density over S, so that its integration will require only the surface 
element dip A dip A d6. 

In order that the integral over E of (8.8) is amenable to the same prescription as used 
above, it is important that E and the gauge potentials are invariant under the isometries 
associated with linear combinations, ^d^p + ^dp, of the two Killing vectors associated with 
rotations over the angles if) and (p. One then observes that d[(£ • W) W A F] can be written as 
a linear combination of two terms. One is the contraction of the Killing vector with the five- 
form W AFAF whose integral must vanish for symmetry reasons. The second term equals (£• 
W) FAF, which changes by a total derivative under gauge transformations, again because the 
gauge fields are invariant under the symmetry associated with the Killing vector. Hence the 
integral over the four-dimensional manifold is invariant under small gauge transformations, 
and, just as before, the integral of (8.8) over its boundary E can be decomposed into integrals 
over the patches N and S and an additional integral over the boundary <9N of 



' C IJK [^W X N 'W^ 3 - i x W x SI W p s J ]F l 
+ e^PCi JK d, 



vp — 

C X W X SI ^ J W P SK - 2£ X (3 X I (3/W p SK 



- \e^P C IJK £ A /3a 7 W p s J F up K . (8.9) 

Here we insisted in writing the last two lines in terms of sections W p 51 , which are well 
defined at the south pole. Therefore, when writing the last term as a surface term over 
£ a /3a 7 W^ s J W ip s K , its contribution will vanish in the limit e I because W ip SK vanishes at 
the south pole. 

Combining the results above the integral of (8.8) over E can therefore be written as, 
/ £ ^SCS = d6dipd^C IJK eW x NI W^ J F ev K 



goi 
4^2 



(8.10) 



For both of these integrals the limit e \. can be taken without difficulty, so that the first 
one extends over the whole horizon section E and the second one over the boundary of the 
sections on the horizon. A straightforward calculation then leads to 12 CijkP 1 p J (cl K — \p K ) 
and QCijkP 1 {a J a K + a J p K — j2P J p K ), for and J^, respectively. 
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The same calculation can be repeated for a different choice of the patches, namely such 
that, in the limit e J. 0, the S patch will cover the whole horizon area £ and the overlap of 
the N patch will shrink to the north pole. This requires to re-evaluate (8.9), but up to a few 
signs the calculations proceeds in the same way. However, now the result is not the same, 
and one finds instead, — 12 CijkP I P J {o j k + \p K ) and QCjjkP 1 '(a J ' a K — a J p K — j2P J p K ), for 
J v and J,/,, respectively. The reason for this discrepancy resides in the last term in (8.9), 
which we dropped because it does not contribute at the south pole of the horizon. 

However, one must verify whether there is no obstruction away from the horizon. If one 
assumes that the south poles are directed to the outward part of the ring, extending all the 
way to spatial infinity as in [58], one expects an obstruction which will result in an extra 
contribution from the integral at spatial infinity. On the other hand, for the inner region of 
the ring which contains the north poles, there is obviously no obstruction, so that the second 
result will be valid. In case the south poles are directed to the inward part of the ring, it is the 
first result that would be valid. In other words, a minimal understanding of the topological 
embedding of the near-horizon region in the global solution is essential in order to distinguish 
between the two prescriptions. It is possible that only one embedding leads to a solution that 
is globally BPS, in line with what was found in [39]. For a space that is asymptotically flat, 
both embeddings seem possible and lead to two inequivalent BPS solutions. 

In light of the above we adopt the second result, which must be combined with the 
contributions from (8.3). Then we obtain the following result for the two independent angular 
momenta, associated with the two independent rotations of the ring in orthogonal planes, 

J v = -\2Cup\a 3 + \p J ) 

J^-J v = [C(a) + 4 C7 a / T 2 2 3] +6C /J (a / + \p I ){a J + \p J ), (8.11) 

where C IJ is the inverse of CjjkP K ■ 

The above results are all invariant under scale transformations, as they should. Note that 
the Wilson line moduli a 1 are scale invariant. As in the case of black holes, we introduce a 
scale invariant variable, 

i0 _ 



- «£• < 8 ' 12 > 

so that the above expressions for the entropy and the electric charges take a manifestly scale 
invariant form, 
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qi = -12 C IJKP J a K . (8.13) 
The angular momenta can be expressed as follows, 

J^-^-^C IJ ( qi -6C IK p K )( q j-GCj L p L ) = -jj [ C im p I p 3 p K + \c lV l 
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J v = p'iqi-lCup- 1 ). (8.14) 
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The choice of the linear combination of the angular momenta in the first term is motivated 
by the explicit dimensional reduction of the known two-derivative solution [65] , which showed 
that the rotation of the four-dimensional black hole cannot be identified with a rotation of 
the S 2 of the black ring but necessarily involves also a rotation along the ring. Likewise the 
dimensional reduction is over a circle generated by a simultaneous rotation around the ring 
and of the S 2 . The corresponding generator equals the linear combination of two angular 
momenta, Jw, — Jp, which therefore corresponds to the charge associated with the Kaluza- 
Klein photon. Hence we introduce a modified charge go i n the usual fashion, 

1 



Qo 



C IJ ( qi -6C IK p K )(qj-6C JL p 



K \ 



21 



1.15) 



This expression coincides precisely with the one presented in [35]. 
With this definition the entropy takes its familiar form [32, 4], 
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.16) 



This result for the corrected entropy agrees with the microscopic counting of [28, 29]. How- 
ever, those results do not yet include the contribution from the higher-derivative couplings. 
As we shall briefly review below, (8.16) takes the same form as the entropy for a correspond- 
ing four-dimensional black hole. Namely, it is proportional to \Jcl qo, where cl is the relevant 
central charge of an underlying (4, 0) superconformal field theory that arises when wrapping 
the M-theory five-brane over a cycle S 1 x P4, where P4 is a holomorphic four-cycle of a Calabi- 
Yau manifold [32]. The modified momentum along the S 1 is denoted by go- The modification 
is due to the presence of membrane charges. The subleading contributions are associated 
with the second Chern class of the Calabi-Yau manifold, and on the field-theory side this 
induces the higher-derivative couplings [4]. Without these subleading corrections, results for 
other than Calabi-Yau compactifications have been obtained in [66]. The above results are 
generally in line with the AdS/CFT results for the black ring attractors [14, 33, 34]. 

Let us now confront the above results in more detail with the corresponding results in 
four space-time dimensions, again based on the function (7.8). Hence we are dealing with a 
black hole with p° = 0, which leads to 



cBH 
°4D 



2tt 



D IJKP I p J p K + 256 djp 1 
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with 
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QO — HU ' 12 -iJyJ — ^ Q 2 

where D IJ is the inverse of DjjkP K ■ Just as before this gives rise to 



-BH 



2vr J\qo(D IJK plpJpK + 256d /P *)| . 
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(8.19) 
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As the reader can easily verify, the expressions for qo and for the entropy are invariant under 
the transformations (7.11) with p° = 0. Also the expression for the charges g/ 4D is consistent 
with this symmetry as it acts on <jr according to <j> — > (j) 1 + k (fP . The latter follows 
straightforwardly from (7.10). 

The same transformations can be considered in the five-dimensional case. In five dimen- 
sions there is no electric/magnetic duality but there is spectral flow [67], giving rise to the 
same transformations, upon replacing Djjk by —2 Cijk- These transformations are precisely 
generated by integer shift of the Wilson line moduli, a 1 — > a 1 + k 1 . Observe that the angular 
momenta will also transform under these shifts, and we find the following results, 

qi -> qi - 12 C IJKP J k K , 
J v -> J v - 12 C IJK p I p J k K , 

Jip -> J^-q^ 1 -6C IJK p I p J k K + 6C IJKP I k J k K , (8.20) 

This shows that % remains invariant. 

The difference between (8.18) and (8.15) resides in the shifts of the electric charges pro- 
portional to CjjkP J P K ■ The presence of these shifts is consistent with many previous results, 
both from field theoretic solutions and from microstate counting [9, 28, 29, 68, 65, 67, 35, 12]. 
The modified charges qj — 6 CijkP J P K in (8.14) are additive. This follows from a calculation 
similar to the one leading to the attr actor equation for qi, but now for a configuration of 
concentric rings. Such a calculation has been performed in [12] and resulted in the equations 
(4.38) and (4.39) that we discussed earlier. When combined with the attractor equation for 
qi shown in (8.13), they establish the additivity of the shifted charges. The latter is manifest 
in the results of [9, 67]. The modified charges should therefore be used in the microscopic 
formula of [32] to match with the macroscopic result (8.14), as was already emphasized in 
[28, 35, 67]. Note, however, that in spite of the qualitative agreement of these conclusions, 
we should stress that we have adopted a different definition of the electric charges qi, which 
is not based on the asymptotic fall-off of the electric fields at spatial infinity. Therefore the 
modified charges should be the same, but the electric charges may still be different. 

The shifts in the electric charges cannot be removed in the four-dimensional results by 
a suitable duality transformation of the form (7.11), because that transformation induces 
shifts that are twice as large. The shifts are related to the terms ±^p I dip in the gauge field 
sections in (4.36). From the point of view of subsection 4.3, they arise due to the non-trivial 
topology of the full five-dimensional space-time. Therefore the four- dimensional black hole 
should be compared to the reduction of an infinite magnetic string in five dimensions, which 
is topologically trivial. In that case, both the terms ±^p I dip in (4.36) and the shifts in 
the electric charges in (8.11) will be absent, so that one obtains full agreement with the 
four-dimensional attractor results. 
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A Conventions 

In the first part of this paper, especially when dealing with spinors, we use Pauli-Kallen 
conventions. Five-dimensional world and tangent-space indices are denoted by fi, z/, . . . and 
a,b, . . ., respectively, and take the values 1, 2, . . . , 5. We employ hermitean 4-by-4 gamma 
matrices j a , which satisfy 

CjaC- 1 = 7 a T , C T = -C, Ct = C- 1 , 

labcde = ^-^abcde- (A-l) 

Here C denotes the charge-conjugation matrix and gamma matrices with k multiple indices 
denote the fully antisymmetrized product of k gamma matrices in the usual fashion, so that 
we have, for instance, 7 a 7b = 1 5 a f, + jab- in view of the last equation of (A.l), gamma 
matrices with more than two multiple indices are not independent, and can be decomposed 
into the unit matrix, 7 a and ^y a b- Note that C, Cj a and C^ a b constitute a complete basis of 
6 antisymmetric and 10 symmetric (unitary) matrices in spinor space. The gamma matrices 
commute with the automorphism group of the Clifford algebra, USp(2A r ), where N denotes 
the number of independent spinors. Spinors can be described either as Dirac spinors, or 
as symplectic Majorana spinors. The latter description has the advantage that it makes 
the action of the USp(2A r ) R-symmetry group manifest. We will thus employ symplectic 
Majorana spinors ^ with i = 1, 2, . . . , 2N, subject to the reality constraint, 

C- 1 x l T = ^ J X j , (A.2) 

where O is the symplectic USp(2iV) invariant tensor. The Dirac conjugate is defined by 
rp = ^75. Observe that we adhere to the convention according to which raising or lowering 
of USp(2iV) indices is effected by complex conjugation. 

The gravitini ip^ 1 and associated supersymmetry parameters e l transform in the 2N rep- 
resentation of USp(2A r ). In principle we may also consider spinors transforming under more 
complicated representations of USp(2iV). For such a spinor mn--- the symplectic Majorana 
constraint would read 

c- 1 (x-ii- mn -) T = n ik n jt n m p n n «... x hl - pq - , (A.3) 
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Of course, the symplectic Majorana condition is defined up to a phase, and we made a specific 
choice for that in (A. 2) and (A. 3). For fermionic bilinears, with spinor fields ip % and (p 1 and a 
spinor matrix T constructed from products of gamma matrices, we note the following result, 

^ry = -n ik w l <p x c- 1 r T c^ k = 75 r f 75 ■ (A.4) 

Hence iipup 1 , ^i'-faf 3 and itpi^ab^ are pseudo-hermitean (provided a,b, ... = 1,...,4; in 
Pauli-Kallen convention the time component associated with a = 5 acquires an extra minus 
sign) . Generalization of this result to spinors transforming according to more complicated 
USp(2A) representations is straightforward. 

Multiplication of symplectic Majorana spinors with spinor matrices T consisting of prod- 
ucts of gamma matrices are not automatically symplectic Majorana spinors. This follows 
from 

rv T = ^c 7 5(c- 1 r T c)t 75X ^. (a.5) 

This means that i 7 aX*> labX 1 -, l labcX l -> labcdX 1 are also symplectic Majorana spinors with the 
same reality phase as (A. 2). 

B Conformal supergravity in 5 space-time dimensions 

The independent bosonic fields in A = 1 conformal supergravity multiplet in five space-time 
dimensions consist of the fiinfbein field e^ a , the SU(2) gauge fields V^j, the gauge field 
associated with scale transformations, and an anti-symmetric tensor field T a b and a scalar 
field D. Furthermore there are composite gauge fields u ll ab and associated with the local 
Lorentz transformations and the conformal boosts. The independent fermionic fields are the 
gravitino fields ipa 1 and an ordinary spinor x % ■ The composite gauge field (j)^ is associated 
with the so-called special supersymmetry transformations. Together these fields constitute 
the Weyl supermultiplet [69, 70, 71]. 

The field content of four-dimensional N = 2 and five-dimensional N = 1 supergravity is 
rather similar, in view of the fact that spinors carry four components in both case, Further- 
more the R-symmetry groups are almost the same, and equal to SU(2) x U(l) and USp(2), 
respectively. However, the number of degrees of freedom are different, as is shown in table 
3. The reason can be understood from the fact that the Weyl multiplet is conjugate to the 
smallest massive supersymmetry representation containing spin-2 and spin-3/2 as the high- 
est spin states. For comparison we also display the situation for the N = 4 Weyl multiplet 
in four dimensions, and the N = 2 Weyl multiplet in five dimensions, with corresponding 
R-symmetry groups U(4) and USp(4), respectively. These two multiplets comprise the same 
number of degrees of freedom. 
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8 supercharges 16 supercharges 



field 


d=4 


d=5 


d=4 


d=5 




5 


9 


5 


9 




9 


12 


45 


40 




3 


- 


- 


4 




6 


10 


36 


50 




1 


1 


20 


14 


E (ij) 


- 


- 


20 


10 








2 


1 




16 


24 


32 


48 




8 


8 


80 


64 


A, 






16 


16 


bosons+fermions 


24+24 


32+32 


128+128 


128+128 



Table 3: Bosonic and fermionic degrees of freedom of the Weyl multiplets in four and five dimensions 
for the case of four and sixteen supercharges. All degrees of freedom can be assigned to a product 
representation of the group of spatial rotations and the R-symmetry group. Decomposing the states in 
the second column under the group of 3-dimensional rotations yields a reducible multiplet comprising 
the states of the four-dimensional Weyl multiplet (given in the first column) and of an extra vector 
(or tensor) multiplet. 
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